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8.1 Solutions to Exercises

1. Since the sum of all angles in a triangle is 180°, 180° = 70°

(04
+50° + a. Thus a = 60°. 10 B
The easiest way to find A and B is to use Law of Sines. 70° 50°
According to Law of Sines, sin(a) = sin(4) = sin(z) , Where A
a b c
each angle is across from its respective side.
Thus, sin(60) _ sin(70) _ S|n(50). Then B = 10-sin(70) ~12.26,and A = 10.sin(60) ~ 1131
B 10 sin(50) sin(50)
3. Since the sum of all angles in a triangle is 180°, 180° = 25° +
120° + a. Thus @ = 35°. The easiest way to find C and B is to 25° B
use Law of Sines. According to Law of Sines, 6
. . . 120° a
sin(a) = sin(4) = siny) , Where each angle is across from its
a b C C
respective side. Thus, sin(35) = sin(120) = sin(25) . ThenB = “m—mo) ~ 9.06,and C =
B C sin(35)
5sin@5) . 442,
sin(35)

sin(«x) _ sin(f) _ sin(y)

5. According to Law of Sines, . , Where each
a c
angle is across from its respective side. Thus,
sin(«) _ sin(p) _ sin(65) Thus sin(p) _ sin(65) and § =
A 5 5 6

sin™?! (55%(65)) ~ 49.05°. Recall there are two possible solutions from 0 to 2x; to find the other

solution use symmetry. £ could also be 180 - 49.05 = 130.95. However, when this and the given
side are added together, their sum is greater than 180, so 130.95 cannot be . Since the sum of all
angles in a triangle is 180°, 180° = 49.05° + 65° + a. Thus a = 65.95°.
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Again from Law of Sines sm(6A5.95) _ sin(49.05) S04 = 5sin(65.95)

5 sin(49.05) ~ 6.05.

7. According to Law of Sines, sin(a) _sin(f) _ sin()

a b c
25 o
where each angle is across from its respective side. Thus, 18
sin(a) _sin(B) _ sin(65) Thus sin(f) _ sin(40) and 40° B
A 5 6 25 18 A

f = sin™? (“%r;(‘m)) ~ 63.33°. Whenever solving for angles with the Law of Sines there are

two possible solutions. Using symmetry the other solution may be 180 - 63.33 = 116.67.
However, the triangle shown has an obtuse angle f so = 116.67°. Since the sum of all angles in
a triangle is 180°, 180° = 116.78° + 40° + a . Thus o = 23.22°.

sin(23.22) _ sin(40)
A 18

__ 18sin(23.22)

sina0) 11.042.

Again from Law of Sines ,S0 A

9. Since the sum of all angles in a triangle is 180°, 180° = 69° + 43° + . Thus = 68°. Using

sin(43) _ sin(68) _ sin(69) 50 q = 205in(43)
20 U

~ 14.71 and ¢ = 22569

sin(68) sin(68) =~ 20.13.

Law of Sines,

Once two sides are found the third side can be found using Law of Cosines. If side c is found
first then side a can be found using, a? = ¢? + b? — 2bccos(a) = 20.13%2 + 20% —
2(20)(20.13) cos(43)

11. To find the second angle, Law of Sines must be used. According to Law of Sines

sin(119) _ sin(p)
26 14

used there are two solutions. Using symmetry the other solution could be 180 - 20.1 = 159.9, but

,S0 f = sin™1 (% sin(119)) ~ 28.10. Whenever the inverse sine function is

since that number added to our given angle is more than 180, that is not a possible solution.
Since the sum of all angles in a triangle is 180°, 180° = 119° + 28.10° + y. Thus y = 32.90°. To
find the last side either Law of Sines or Law of Cosines can be used. Using Law of Sines,

_ 14sin(32.90) _ 26sin(32.90)

sin(119) _ sin(28.10) _ sin(32.90) soc= _ 265 ~ 16.15. Using Law of
26 14 I sin(28.10) sin(119)

Cosines, c2 = a? + b%? — 2abcos(y) = 26% + 142 — 2(26)(14) cos(32.90) so ¢ = 16.15.
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13. To find the second angle, Law of Sines must be used. According to Law of Sines,

sin(50) _ sin(«a)
45 105

which is out of the range of sine, and therefore out of the domain of inverse sine, so it cannot be

. However, when solved the quantity inside the inverse sine is greater than 1,

solved.

15. To find the second angle Law of Sines must be used. According to Law of Sines,

sin(43.1) _sin(p)
184.2 242.8"'

Since the sum of all angles in a triangle is 180°, 180° = 43.1° + 64.24° + y or

s0 f = sin~! (% sin(43.1)) ~64.240r B = 180 — 64.24 = 115.76.

180°=43.1°+115.76 ° + y. Thus y =72.66° or y =21.14°. To find the last side either Law of

sin(43.1) _ sin(64.24) _ sin(72.66)

Sines or Law of Cosines can be used. Using Law of Sines,
184.2 242.8 C

_ 184.2sin(72.66) _ 242.8sin(72.66)

soc¢ sin(43.1) sin(64.24)

~ 257.33. The same procedure can be used to find the

alternate solution where ¢ = 97.238.

Using Law of Cosines,
c? = a? + b? — 2abcos(y) = 184.2%2 + 242.8% — 2(184.2)(242.8) cos(72.66) so ¢ ~ 257.33.

17. Because the givens are an angle and the two sides around it,

it is best to use Law of Cosines to find the third side. According 60°

: 20 28
to Law of Cosines, a® = ¢? + b? — 2bccos(a) = 20? + 282 —
2(20)(28) cos(60), so A~ 24.98. I y

sin(60) _ sin(f) _ sin(y) 50 = A

Using Law of Sines,
24.98 28 20

sin™?! (i sin(60)) ~ 76.10. Because the angle £ in the picture is acute, it is not necessary to

24.98

find the second solution. The sum of the angles in a triangle is 180° so 180° = 76.10° + 60° + y
and y = 43.90°.
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19. In this triangle only sides are given, so Law of Sines

cannot be used. According to Law of Cosines: 20

a? = c? + b? — 2bccos(a) s0 112 = 132 + 20% —

2(13)(20) cos(a). Then a = COS_I(

132+202—112) -

2(13)(20) 11

30.51.

To find the next sides Law of Cosines or Law of Sines can be used. Using Law of Cosines,
b? = c? + a? — 2accos(B) = 202 = 132 + 112 — 2(13)(11) cos(B) so

132411%2-202

e ) ~ 112.62.

B = cos™! (
The sum of the angles in a triangle is 180 so 180° = 112.62° + 30.51° + y and y = 36.87°.

21. Because the angle corresponds to neither of the given sides it is easiest to first use Law of
Cosines to find the third side. According to Law of Cosines, ¢? = a? + b? — 2abcos(y) =
2.492 4+ 3.13%2 — 2(2.49)(3.13) cos(41.2), so ¢ = 2.07.

To find the o or g either Law of Cosines or Law of Sines can be used. Using Law of Sines,

sin(41.2) _ sin(a)
207 249

2.49sin(41.2)
2.07

, S0 @ = sin™1 ( ) ~ 52.55°. The inverse sine function gives two

solutions so « could also be 180 - 52.55 = 127.45. However, side b is larger than side c so angle y

must be smaller than g, which could not be true if & = 127.45, so a = 52.55. The sum of angles in
a triangle is 180°, so 180° =52.55 + 41.2 + ff and /5 = 86.26°.

23. Because the angle corresponds to neither of the given sides it is easiest to first use Law of
Cosines to find the third side. According to Law of Cosines, a? = ¢? + b? — 2cbcos(a) = 7% +
6% — 2(7)(6) cos(120),s0 a = 11.27

Either Law of Cosines or Law of Sines can be used to find $ and y. Using Law of Cosines,
b? = c? + a? — 2accos(B) = 62 = 7% + 11.27% — 2(7)(11.27) cos(B), so

72411.27%-62

) ~ 27.46. The sum of all the angles in a triangle is 180° so 180° =
2(7)(11.27)

f = cos™1 (
27.46° + 120° + y, and y = 32.54°,
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25. The equation of the area of a triangle is A = %bh. It is important to draw a picture of the

triangle to figure out which angles and sides need to be found.

21 18

b =32

With the orientation chosen the base is 32. Because the height makes a right triangle inside of

the original triangle, all that needs to be found is one angle to find the height, using trig. Either

side of the triangle can be used.

According to Law of Cosines 212 = 182 + 322 — 2(18)(32)cos(8) so,

_ _1 (18%432%2-212
0 = cos ( 2(18)(32)
321110 400 o

27. Because the angle corresponds to neither of the given
it is easiest to first use Law of Cosines, to find the third side.
According to Law of Cosines d? = 800% + 900% —

2(800)(900)cos(70) where d is the distance across the lake.

978.51ft

29. To completely understand the situation it is important
first draw a new triangle, where d; is the distance from the

to the shore and d, is the distance from station A to the

70° 60°

500ft

) ~38.06. Using this angle, 1 = sin(38.06)18 ~ 11.10, 50 4 =

60° @)

sides

to
boat
boat.
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Since the only side length given does not have a corresponding angle given, the corresponding
angle (#) must first be found. The sum of all angles in a triangle must be 180°, so 180° = 70° +
60° + 0,and 6 = 50°.

Knowing this angle allows us to use Law of Sines to find da. According to Law of Sines

sin(50) __ sin(60)
500  dy

500sin(60)
>dy =——
A sin(50)

~ 565.26ft.

To find ds, trigonometry of the left hand right triangle can be used. d4 = sin(70)565.26ft =
531.17ft.

31. The hill can be visualized as a right triangle
below the triangle that the wire makes, assuming that,
a line perpendicular to the base of 67° angle is

dropped from the top of the tower. Let L be the

length of the guy wire.

In order to find L using Law of Cosines, the height of
the tower, and the angle between the tower and the hill

need to be found.

To solve using Law of Sines only the angle between
the guy wire and the tower, and the angle

corresponding with L need to be found.

Since finding the angles requires only basic triangle relationships, solving with Law of Sines will

be the simpler solution.

The sum of all angles in a triangle is 180°, this rule can be used to find the angle of the hill at the
tower location (0). 180° = 90° + 67° + 6,s0 6 = 23°.
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6 and the angle between the tower and the hill (¢) are supplementary angles, so 8 + ¢ =
180°, thus ¢ = 157°.

Using once again the sum of all angles in a triangle, ¢ + 16 + 4 = 180, so 1 = 7°.

sin(7) _ sin(157)
165 L

__165sin(157)
- sin(7)

~ 529.01 m.

According to Law of Sines, ,S0 L

33. Let L be the length of the wire.
127 ft

The hill can be visualized as a right triangle, assuming

that a line perpendicular to the base of the 38° angle is

dropped from the top of the tower.

L 127 ft

64 ft

38°

Because two sides of the triangle are given, and the last side is what is asked for, it is best to use
Law of Cosines. In order to use Law of Cosines, the angle 6 corresponding to L needs to be

found. In order to find @ the last angle in the right triangle (1) needs to be found.

The sum of all angles in a triangle is 180°, so 180° = 38° + 90° + 4, and A = 52°. 1 and 6 are
suplimentary angles so A + 68 = 180°, and 6 = 128°.

According to Law of Cosines, L? = 1272 + 642 — 2(127)(64) cos(128),so L = 173.88ft.
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35. Using the relationship between alternate interior angles,

the angle at A inside the triangle is 37°, and the angleatB =~ ------- C?rj -------
37° > 4aa°
inside the triangle is 44°.
d A B
e
37° 44
6.6km

Let e be the elevation of the plane, and let d be the distance from the plane to point A. To find
the last angle (), use the sum of angles. 180° = 37° + 44° + 6, so 6 = 99°.

Because there is only one side given, it is best to use Law of Sines to solve for d. According to

sin(44) _ sin(99) __ 6.6sin(44)
d 66 ' ~ sin(99)

Law of Sines, ~ 4.64 km.

Using the right triangle created by drawing e and trigonometry of that triangle, e can be found.
e = 4.64sin(37) = 2.79 km.

37. Assuming the building is perpendicular with the ground, this situation can be drawn as two

triangles.

Let h = the height of the building. Let x = the distance from the first measurement to the top of
the building.

v —| 50° 39

A
v

300ft
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In order to find h, we need to first know the length of one of the other sides of the triangle. x can

be found using Law of Sines and the triangle on the right.

The angle that is adjacent to the angle measuring 50° has a measure of 130°, because it is
supplementary to the 50° angle. The angle of the top of the right hand triangle measures 11°
since all the angles in the triangle have a sum of 180°.

sin(39) _ sin(11)

, SO X = 989.45ft.
3001t

According to Law of Sines,

Finding the value of h only requires trigonometry. h = (989.45 ft)sin(50) =~ 757.96 ft.

39. Because the given information tells us two sides and information relating to the angle

opposite the side we need to find, Law of Cosines must be used.

B

The angle a is supplementary with the 10° angle, so o = 180° - 10° = 170°.

From the given information, the side lengths can be found:

680 miles

B = 1.5 hours - = 1020 miles.
1 hour
C = 2 hours - 2221 _ 1360 miles.
1 hour

According to Law of Cosines: so 42 = (1020)2 + (1360 )2 — 2(1020)(1360 ) cos(170).
Solving for A gives A = 2,371.13 miles.

41. Visualized, the shape described looks like:
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Drawing a line from the top right corner to the bottom left corner breaks the shape into two
triangles. Let L be the length of the new line.

7.9 cm

4.5cm

Because the givens are two sides and one angle, Law of Cosines can be used to find length L.
L? = 4.52 +7.92 — 2(4.5)(7.9) cos(117) L=10.72.

The equation for the area of a triangle is A = %bh. To find the area of the quadrilateral, it can be

broken into two separate triangles, with their areas added together.

4.5 cm 7.9cm
o

10.72 cm

In order to use trig to find the area of the first triangle, one of the angles adjacent to the base
must be found, because that angle will be the angle used in the right triangle to find the height of

the right triangle (h).
According to Law of Cosines 4.5% = 10.722 + 7.92 — 2(10.72)(7.9)cos(a), S0 a ~ 21.97°.

Using trigonometry, h = 7.9sin(21.97) = 2.96 cm. So, A; = (2'96"”);10'72"”) ~ 15.84 cm?.

The same procedure can be used to evaluate the Area of the second triangle.

9.4 cm
10.72 cm

12.9cm

According to Law of Cosines 10.72% = 9.42 + 12.92 — 2(9.4)(12.9)cos(f), so B ~ 54.78°.
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Using trigonometry, h = 9.4sin(54.78) ~ 7.68 cm.

So, 4, = LEMUZXM - 4953 cm?,

The area of the quadrilateral is the sum of the two triangle areas so, A, = 49.53 + 15.84 =

65.37 cm?.

41. If all the centers of the circles are connected a triangle forms whose sides can be found using

the radii of the circles.

Let side A be the side formed from the 6 and 7 radii connected. Let side B be the side formed

from the 6 and 8 radii connected. Let side C be the side formed by the 7 and 8 radii connected.

In order to find the area of the shaded region we must first find the area of the triangle and the

areas of the three circle sections and find their difference.

To find the area of the triangle the height must be found using trigonometry and an angle found

using Law of Cosines

Base=C=15



Last edited 12/4/14

According to Law of Cosines, 132 = 142 + 152 — 2(14)(15) cos(a),so a ~ 53.13°.

(11.2)(15)

Using trigonometry h = 14 sin(53.13°) = 11.2,s0 A = >

84.
To find the areas of the circle sections, first find the areas of the whole circles. The three areas

are, Ay = m(6)2 ~ 113.10 , A, = m(7)? ~ 153.94 , and 4g = 7(8)? ~ 201.06.

To find the Area of the portion of the circle, set up an equation involving ratios.

Section Area (As) __ Section angle (Ds)
Circle Area (Ac) " Circle Angle (360)

Ds
360"

= As = (Ac)

The section angles can be found using the original triangle and Law of Cosines.
142 = 132 + 152 — 2(13)(15)cos(p), S0 B =~ 59.49°.

The sum of all angles in a triangle has to equal 180°, s0 180° = a + f + y = 59.49° +
53.13°+y,s0,y =67.38°.

Using this information, A = (67'32S+'10) ~ 2117, Ay, = (59.49;+53.94) ~ 2544, Ay =

(53.13)(201.06)

2eo ~ 29.67. So, the area of the shaded region Ay = Ay — Agg — Ay — Asg = 84 —

21.17 — 25.44 — 29.67 =1.72.

8.2 Solutions to Exercises

1. The Cartesian coordinates are (x, y) = (r cos(6), r sin(6))
= (70 (%), 75 (7)) = (=705 (). -7 () = (-57.-9)

3. The Cartesian coordinates are (x, y) = (r cos(8), r sin(9))

- (1cos(2) 50 (2)) = (105 (3) 450 5) = (2. -28) = (2 2D

2’ 2
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5. The Cartesian coordinates are (X, y) = (r cos(6), r sin(6))

(se05(-2) (- 2)) = (scos(2) s sn () = (2.~ = (7.~ 3)

4 4 2

7. The Cartesian coordinates are (X, y) = (r cos(#), r sin(d)) = (3 cos G) ,3sin G)) = (0,3)

9. The Cartesian coordinates are (X, y) = (r cos(#), r sin(d)) = (—3 cos (g) ,—3sin (g)) =

(-

2 2

11. The Cartesian coordinates are (X, y) = (r cos(#), r sin(#)) = (3 cos(2), 3 sin(2)) = (- 1.2484,
2.7279)

13. (4,2) = (x,y) = (r cos(d), r sin(d)). Then tan(0) = % = % = % Since (X, y) is located in the

first quadrant, where 0 < 6 < g, 0=tan™ G) ~0.46365. Andr’=x*+y*=42+2?=20>r=
V20 = 2+/5.

15. (-4, 6) = (x, y) = (r cos(d), r sin(d)). Thentan(d) =< = % =— % Since (x, y) is located in the

X —

second quadrant, where % <0<, and tan(d) = tan(0 + ), 6 = tan™* (— %) +1~-0.9828 + 1~

2.1588. And r’ = x* +y? = (-4)* + 6° =52 > r = 24/13.

17. (3,-5) = (x, y) = (r cos(8), r sin(6)). Then tan(h) =2 =_?5. Since (x, y) is located in the

X

fourth quadrant, where 37” <@<2m 0=tan’ (- g) +2m~-1.0304 + 21~ 5.2528. And r’=x*+

y> =32+ (-5)2=34 > r =/34.

19. (-10, -13) = (x, y) = (r cos(6), r sin(#)). Then tan(b) = % =2=2 Since (x,y) is located in

-10 10

the third quadrant, where © < 6 < 37” and tan(d) = tan(6 + x), 6 = tan™ (ﬁ) +1=09151 +n=

4.0567. And r’ = x* +y* = (-10)* + (-13)* = 269 > r = /2609.

3
cos(6)

21. x=3>rcos(f)=3orr= = 3 sec(d).
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23. y = 4x* > rsin(0) = 4 [rcos(0)]? = 4 r’cos*(0)

sin(@) _ tan(8)sec(0)

. _ 2 —
Then sin(6) = 4rcos“(6), so r = 200s2(8) 2

25. x* +y* =4y > r? = 4rsin(0). Thenr = 4 sin(0).

27. X% -y =x > [rcos(0)]? - [rsin(A)]* = rcos(6). Then:
r’[cos*(6) — sin*(6)] = rcos(6)
r[cos?(6) — sin(6)] = cos(h)

cos(6)
B cos2(8) -sin2(B)’

29. r=3sin(#) > r? = 3rsin(0) > x* + y* = 3y.

3. r=——> > rsin(@) + 7rcos(d) =4 > y + 7x = 4.

"~ sin(8)+7cos(8)

2
cos(6)

33. r=2sec(d) = 2>rcos(f)=2->x=2.

35. r=y/rcos(8) +2 > r’=rcos(d) +2 > x* +y* =x + 2.

37. We can choose values of 6 to plug in to find points on the graph, and then see which of the
given graphs contains those points.
0=0->r=2+2cos(0) =4 f=n—>r=2+2cos(m)=0

9=§9r=2+2003(§):2 0:37"9r=2+2cos(37")=2

So the matching graph should be A.

39. We can choose values of 8 to plug in to find points on the graph, and then see which of the
given graphs contains those points.
0=0->r=4+3cos(0)=7 O=n>r=4+3cos(n)=1

nger:4+3cos(§):4 (9:37”9r:4+3cos(37”):4

So the matching graph should be C.
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41. r =5 means that we’re looking for the graph showing all points that are 5 units from the

origin, so the matching graph should be E. To verify this using the Cartesian equation: r =5 ->

r’ = 25 > x* + y* = 25, which is the equation of the circle centered at the origin with radius 5.

43. We can choose values of 8 to plug in to find points on the graph.

0=2-r=log(%)=0.1961

0=mn->r=log(n) =~ 0.4971

0=2>r= Iog(3—n) ~0.6732, and so on.
2 2

Observe that as @ increases its value, so does r. Therefore the matching graph should be C.

45. We can make a table of ) 0 T (g 3T | 21 5T | 3 7T
values of points satisfying the 2 2 2 2
equation to see which of the
: : r 1 V2 |0 V2 | -1 v2 |0 V2
given graphs contains those — — == =
2 2 2 2
points.
So the matching graph should be D.
47. We can make a I T 3 51 3n 7
010 — || = — | 5 | T |
table of values of 4 2 4 4 2 4
points satisfying the
. . ril]1+v2 | -1|1++2 1-v2 | 3 |1-v2 | 1
equation to see which

of the given graphs

contains those points.

So the matching graph should be F.

49. r=3cos(6) > r?=3rcos(d) > x* + y? = 3x in Cartesian coordinates. Using the method of

completing square:

x?2—-3x+y?=
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(-2 -y (x-Y 3

This is an equation of circle centered at G 0) with radius % Therefore the graph looks like:

[TV -4

-7
34
44
51. We’ll start with a table of T | 7 |31 57 | 31 | 77
010 | - |5 |=|n|—=—|5|—F]|2n
values, and plot them on the 4 | 2 | 4 4 | 2 | 4

graph.

So a graph of the equation is a 4-leaf rose.

53. We’ll start with a table of

N
o
o
N
o

values, and plot them on the

graph.
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So a graph of the equation is a 3-leaf rose symmetric about the y- axis.

55. We’ll make a table of values, and

Sk
N
S

NN

N

NN

plot them on the graph.

So a graph of the equation is a 4-leaf rose.

57. We’ll make a table of values, and plot them on the graph. i3 37T

N
(V)

So a graph of the equation is a cardioid symmetric about the x- axis.
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52

£

59. We’ll start with a table of values.

Vs T

[0 T [Z] %= T T,
4 2 4 4 2 4

Flog [2¥3V2] (2432 2-3V2| , |2-3V2 |
2 2 2 2

Also, whenr =0, 1 + 3sin(#) = 0, so:

sin(6) = — =

0~-0.34 + 2kn

~n—(-0.34) + 2kn = + 0.34 + 2kn , where Kk is an integer.

So a graph of the equation is a limagon symmetric about the y- axis.

61. We’ll start with a table of values.
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3w 1A 1A [ 3w

Q| - —_ | == —— 0 — - —
A " 2 4 4 2 2 n

3w 1A 3w
r|{-2n | ——| - -= = — 2
T 5 s 5 0 > o 5 i

Observe that as 0 increases its absolute value, so does r. Therefore a graph of the equation

should contain two spiral curves that are symmetric about the y- axis.

&4
‘5 4

D

S 42 | 2 4 6 &

R -84 -

63. We’ll start with a table of values.

s U 21 3 5t 41 3 5t 7
0101 — |z 5 |=| — || — || 5« |5 | — |2=
4 3 2 3 4 4 3 2 3 4
r{4|3+y2| 5 |undef. | 1 [3-v2| 2 [3-v¥2| 1 |undef. | 5 |3+v2 | 4
Also, whenr =0, 3 + sec(d) =0, so:
sec(d) =-3 4
0~ 19106 + 2kn 21
6~ 2m-1.9106 + 2kn = 4.3726 + 2kn, where K is an integer. 24
So a graph of the equation is a conchoid symmetric about the x- , ,
1 -1 I 2
axis.
24
34
44
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65. We’ll start by choosing values of 6 to plug in, to get the following table of values:

T
2

w3

T
4

r | 0 |+2]| 3 |undef.| -3 |v/2| 0 |-/2| -3 |[undef.| 3 |2

£

So a graph of the equation is a cissoid symmetric about the

[
Hd
}

X- axis. 24
|

8.3 Solutions to Exercises
1. V=9 = V9V-1=3i

3. V=6vV—24 =v6=1V24V—1 =6(26) i’ = 2:6i* = 12(-1) = -12

5 2+V—12 _ 2+2\/2§\/—_1= 1+ i\/§

2
7. (3+2))+(5-3i)=3+5+2i—-3i=8—i

9. (-5+3iI)-(6-1)=-5-6+3i+i=-11+4i
11. (2 + 3i) (4i) = 8i + 12i* = 8i + 12(-1) = 8i — 12

13. (6 - 2i) (5) = 30 — 10i
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15. 2+3i))(4-1)=8-2i + 12i - 3i2=8+ 10i — 3(-1) = 11 + 10i

17. (4-2i) (4 +2i) = 4*— (2i)* =16 —4i* =16 — 4(-1) = 20

3+41 3 4i 3 .
19, -3, H_3 o
2 2 2 2
—-543i -5 3i —5i 3 —5i 3 5i 3
21. —=—t—-—=—+t+-=—+-=—+-
20 20 20 2i2 2 -2 2 2 2
o3 273i_ (2-3i)(4 - 3i) _ 8-6i—12i+9i2 _ 8-18i-9 _ —18i—1
T 4+30 (4430)(4-30) 42— (3)2 16—9(~1) 25

25. i =(®*=(-1)°=-1
27. i =(i®i=@®%i=(-1)%i=i
29. 3e® = 3c05(2) + i3sin(2) ~ -1.248 + 2.728i

31. 6es' = 6cos(Z) + i6sin(%) = 6(?) +i6(3)=3V3 +3i

33. 3¢ = 3cos(Z) + iasin(2Z) = 3(~ 2) 4 i3 (- 2) = - 22 2%,

2 2 2 2

35. 6=x+yisox=6andy=0. Also, r’=x*+y?=6%+0%=6%s0r =6 (since r >0). Also,
using x = rcos(6): 6 = 6cos(d), so & = 0. So the polar form is 6e”.
37. -di=x+yisox=0andy=-4. Also, r’=x*+y? = 0%+ (-4)>= 16 so r = 4 (since r > 0).

3.
Using y = rsin(6): -4 = 4 sin(6), so sin(6) = -1, s0 6 = 2. So the polar form is 4e 2 ".

39. 2+2i=x+yisox=y=2. Thenr?=x*+y*=2%+22=8,s0r = 2v/2 (since r > 0). Also x
= rcos(6) and y = rsin(6), so:

2 = 242 cos(6) 50 cos(6) = = ==, and 2 = 2Z sin(6) so sin(6) = = ==

Therefore (x, y) is located in the quadrant I, or 6 = % So the polar form is 2\/§e§i_
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41. -3+3i=x+yisox=-3and y=3. Thenr®=x*+y* = (-3)>+3*=18, sor = 3v2 (since r >
0). Also x =rcos(d) andy = rsin(0), so:
V2 V2

-3 =32 cos(6) so cos(6) = % == and 3 =3v/2 sin(#) so sin(d) = \/—15 =5

3.
Therefore (x, y) is located in the quadrant 11, or § = %". So the polar form is 3v2e=".

43. 5+3i=x+yisox=5andy=23. Thenr?=x*+y?=5%+3?=34, sor =+/34 (since r > 0).
Also x = rcos(d) and y = rsin(6), so:

5 = /34 cos(6) so cos(f) = % and 3 =+/34sin(6) so sin(f) = \/%_4

Therefore (x, y) is located in the quadrant I, or 8 = 0.54042. So the polar form is v/34e?-534042¢,

45, -3+i=x+yisox=-3andy=1. Thenr?=x*+y®=(-3)*+ 1= 10, so r =10 (since r >
0). Also x = rcos(f) and y = rsin(d), so:
_ _ -3 _ . . _ 1
-3 =+/10 cos(d) so cos(f) = = and  1=+/10sin(6) so sin(d) = N
Therefore (x, y) is located in the quadrant Il, or # = 7z — 0.32175 =~ 2.82. So the polar form is
V10e282i,

47. -1-4i=x+yisox=-landy=-4. Thenr?=x*+y?=(-1)*+ (-4)*=17,sor =v/17 (since r
>0). Also x = rcos(d) and y = rsin(d), so:
_ _ -1 _ . f _ —4
-1 =+/17 cos(6) so cos(d) = = and 4= V17 sin(6) so sin(6) = =
Therefore (x, y) is located in the quadrant 11, or 8 = 7= + 1.81577 =~ 4.9574. So the polar form is
\/ﬁe4'9574i.

49. 5—i=x+yisox=5andy=-1. Thenr?=x*+y?*=5%+ (-1)> =26, so r = /26 (since r > 0).
Also x = rcos(d) and y = rsin(6), so:

5 =+/26 cos(6) so cos(d) = \/%_6 and -1 =+/26 sin(#) so sin(6) = \/_7_16
Therefore (x, y) is located in the quadrant IV, or 8 ~ 2z — 0.1974 =~ 6.0858. So the polar form is
\/%66.08581'_

51. (3egi) (Ze%i) = (3)(2)(e%i) (e%i) = Besit 4l = Gei_;ri
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%TTE" %TT[" 31 T 7T

53, X = (9) (e n,> =2e+" "6 = 212",
TV _ 10y ((Z) 107 %
55. (2e4')10 = (2 )((e4l) >=1024e 1 =1024e2"

27T, 27T, 2m. 1 TT.
57. ,/16e?l =16 \e3' =4e3 '@ = 4¢3,

59. (2 + 2i)® = ((2 + 2i)%)" = (4 + 8i + 4i%)* = (4 + 8i — 4)* = (8i)* = 8%i* = 4096. Note that you

could instead do this problem by converting 2 + 2i to polar form (done it problem 39) and then

.\ 8 g, m.N\8 T, .
proceeding: (2 + 20)® = (2v2e+') = (2v2) (eZ‘) = 4096 (eZ"S) = 4096e2™ = 4096,

1
61. V=3 + 3i = (=3 + 3i)z. Let’s convert —3 + 3i to polar form: =3 + 3i =x +yi. Then x = -
3andy=3. Thenr®=x?+y?=(-3)*+ 3% =18 50 r = 3v/2 (since r > 0). Also:

X = rcos(6) and y = rsin(6)

-3 = 3v2 cos(0) 3 =32 sin(6)
-1 _ =2 . _ 1 _A2

cos(d) = = =—- sin(6) = ==

1 3w 1
Therefore (x, y) is located in the quadrant Il, and 6 = %’T. S0 (=3 + 3i)z = (3v2e' %)z =
.31
V3v2e's. To put our answer in a + bi form:
a=rcos(d) =v3v2 cos(%”) ~0.78824

b = rsin(6) = v/3v2 sin(X) = 1.903
Thus V=3 + 3{ ~ 0.78824 + 1.903i.

1
63. /5 + 3i = (5 + 3i)3 . Let’s convert 5 + 3i to polar form: 5+ 3i=x +yi. Thenx=5andy =
3. Thenr?=x*+y*=5%+3*=34 50 r =+/34 (since r > 0). Also:
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X = rcos(6) and y = rsin(6)
5 = /34 cos(6) 3 =+/34sin(6)
cos(0) = % sin(d) = \/%

Therefore (x, y) is located in the quadrant I, and # = 0.54042. So (5 + 3i)§ = (\/3_4e°-54°42")§ =
/34 ¢018014 Tg put our answer in a + bi form:

a = rcos(d) = Y34 cos(0.18014) ~ 1.771

b = rsin() = /34 sin(0.18014) = 0.3225
Thus /5 + 3i ~1.771 + 0.3225i.

1
65. If 22 =2thenz = 25. In the complex plane, 2 would sit on the horizontal axis at an angle of

. 3 1 1 1 1 1
0, giving the polar form 2e. Then (2e%°)s = 25 €° = 25 cos (0) + i25 sin(0) = 25 ~ 1.149.

1
Since the angles 2m, 47, 6w, 87, and 107 are coterminal with the angle of 0, 25 can be represented

1 .1 .1 L1 . 1
by turns as (2e2™)s, (2e'4™)s, (2e'™)s, (2e™)s5, and (2e1°7)s to get all solutions.
27Ny — o (2T — 9= 2R _ s 2 1. . om .
(2e*™)s = 25 (e*“™)s = 25e5 =25 cos(?) + 25 ISIn(?) ~0.355 + 1.092i
4TINS — o (4T — o= T ot 4 1. am .
(2e**™)s = 25 (e"*")s = 25e5 =25 cos(?) + 25 |S|n(?) ~-0.929 + 0.675i
I6TYE — 9e (L I6TYe = 9= oot — 9= ana(®TY 4 97 icin(®T) ~ _
(2e'°™)s = 25 (e'°™)s = 2s5e5 = 25 Cos(?) + 25 ISIn(?) ~-0.929 - 0.675i
IBTYVE — 9% (,i8TYs — 9=yl — = 81 1.. 8w .
(2e8™)s = 25 (e'8™)s = 25¢5 ' = 25 cos(?) + 25 |S|n(?) ~0.355 - 1.092i
1 10w, 1

. 1 1 . 1 . 1 1
(2e1107)5 = 25 (ei107)5 = 25¢s | = = 25 2™ = 25 cos(2m) + 25 isin(27) = 0.355 + 1.092i

. 1
Observe that for the angles 2kn, where k is an integer and k > 5, the values of (2e‘2¥™)s are
repeated as the same as its values when k =0, 1, 2, 3, and 4. In conclusion, all complex solutions
of 2° = 2 are 1.149, 0.355 + 1.092i, -0.929 + 0.675i, -0.929 - 0.675i, and 0.355 - 1.092i.
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1
67. 1fz°=1thenz = 15. Inthe complex plane, 1 would sit on the horizontal axis at an angle of

. . 1
0, giving the polar form e, Then (e%°)s = e° = cos (0) + isin(0) = 1.
1
Since the angles 2m, 47, 6w, 87, 107, and 127 are coterminal with the angle of 0, 1s can be
. 1 . 1 . 1 . 1 ] 1 i 1
represented by turns as (e'2™)s, (e*4™)s, (e'6™)s, (e8™)s, (e'1°™)s, and (e'12™)s.

. 1 T,
(em)e = e3' = cos(Z) + isin@) = + 2

At 2 27 .. 2m _ -1 /3.
(€l4n)6 —e3'= COS(?) + ISln(?) = + ?I
1 .
(et®™)e = e™ = cos(m) + isin(xm) = -1
875 = 5 = cos(iZ) + isin(2E) = = - i
(e™)e=es"= 3 377 2 2
V3

i 1 sm; 51 . . .51 1 .
(e0mye = e = cos(3) + Isin() =7 - 7

. 1 .
(et1?™)6 = 2™ = cos(2m) + isin(2m) = 1

i 1
Observe that for the angles 2kn, where k is an integer and k > 6, the values of (2e'2¥™)s are
repeated as the same as its values when k=0, 1, 2, 3, 4, and 5. In conclusion, all complex

T LR L]
2 2 2 2 2 2 2

. 1
solutions of 2° = 1 are 1, o

8.4 Solutions to Exercises

1. Initial point (4,0); terminal point (0,2). The vector component form is < x; — x5, y; — y, >.
<0-4,2-0>=<-42>
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5. 4 =<1,1>and v =< —1,2 >. The vector we need is < —4,5 >. To get these
components as a combination of % and ¥, we need to findaand b suchthata-1+ b - (—1) =
—4and a-1+ b2 =5. Solving this system gives a = —1 and b = 3, so the vector is 37" —

u.
7. The component form is < 6 cos 45°, 6sin45° > = < 3+/2,3v2 >.

9. The component form is < 8cos220°, 8sin220° > =~ < —6.128,—5.142 >.

11. Magnitude: |v| = V0% + 42 = 4; direction: tanf = %so 6 =90°

~
~

13. Magnitude: |v| = V62 + 52 =+/61 = 7.81, direction: tan® = Z, 0 =tan?!

alun

39.806° (first quadrant).

15. Magnitude: |v| = /(=2)% + 12 = +/5 ~ 2.236; direction: tan® = — = —26.565 which is

-2

180° — 26.565° = 153.435°(second quadrant).

17. Magnitude: |v| = /22 + (=5)2 = V29 ~ 5.385, direction: tan® = _75, 0= tan‘l%s, ~—
68.199 which is 360° — 68.199° = 291.801°(fourth quadrant).

19. Magnitude: |[v| = \/(—4)% + (—6)2 = /52 =~ 7.211, direction: tanf =

-6
0=

tan~?! :—Z, ~ 56.3° which is 180° + 56.3° = 236.3°(third quadrant).
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21, U+v=<2+4+1,-34+5>=<32>u—-v=<2-1,-3-5>=<1,-8>2u=
2<2,-3>and3v=3<15>s02u—-3v=<4-3,-6—15>=<1,-21 >.

23.
3

M

The first part of her walk can be defined as a vector form of < —3,0 >. The second part of

her walk can be defined as < 2 cos(225°), 2 sin(225°) >. Then the total is < —3 +
2 c0s225° 0 + 25in 225° > = < —3 — /2, —/2 >. The magnitude is

J(—3 ~V2)" +(~V2)" = V21485 ~ 4.635 miles. Direction: tan § = ~—— = 0.3203,

0 ~ 17.76 north of east.

25.
4 miles
™. 2 miles
Result 5 miles
v
4 miles
2 miles

How far they have walked: 4 + 2+ 5+ 4 + 2 = 17 miles. How far they had to walk home, if

they had walked straight home: the 5 parts of their walk can be considered into 5 vector forms:
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< 4,0 >,< 2cos45° —2sin45°>,<0,—-5>,< —4cos45° —4sin45° >,and < 2,0 >.

Total horizontal components of the vectors:

442c0s45°4+0—4cos45°+2=44+V24+0-2V2+2=6—-+2

Total vertical components of the vectors:

0—2sin45°—5—4sin45°+0=—+v2—-5—2V2 >= —-5-3/2

The total distance is the magnitude of this vector:

\/(6 —2)2 4 (=5 —3v2)? =+/21.029 + 85.426 ~ 10.318 miles.

27. Fi+Fot Fs =< —840+4,-5+1—-7>=< —4,—11 >

29. 80°  20°

_, 2 miles
[ u

S

U =< 3cos160°,3sin 160° >

¥ =< 5c0s260°, 5 sin 260° >

w =< 4 cos 15° 4 sin 15° >

U+V+Ww=<3cos160°+ 5cos260° + 4 cos 15° 3 sin 160° + 5 sin 260° + 4 sin 15° >
=< 0.1764,—-2.8627 >
Note that this vector represents the person’s displacement from home, so the path to return home

is the opposite of this vector, or < —0.1764, 2.8627 >. To find its magnitude:

i+ ¥+ w| =< —0.1764,2.8627 >=+0.03111 + 8.1950 = 2.868 miles.
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Directions: tan6 = _2081672674 so 6 = 93.526°, which is 86.474° North of West or 90 — 86.474 =
3.526° West of North.
31. A
Airplane: v, 600 km/h airplane speed: v =< 0,600 >
/ Air: 1, 80km/h air speed: 1 =< 80 cos 45°,80 sin 45° >

Effective airplane speed in relation to the ground W = @ + ¥ < 0 + 80 cos 45°, 600 +

80 sin 45° > = < 40v/2,600 + 40v2 >. Then |W| = J(40ﬁ)2 + (600 + 40v2)2 =

600+40V2
402

0 = 85.076°. So the plane will fly (90 — 85.076)° = 4.924° off the course.

659km/h. To find the direction to the horizontal axis: tan 6 = = 11.607. Then

33. Suppose the plane flies at an angle 6° to north of west axis Then its vector components are

< 550 cosB, 550sin0 >. The vector components for wind are < 60cos45°, 60 sin45° >.

wind: 60km/h

resulting course
plane:550km/h
0

Since the plane needs to head due north, the horizontal components of the vectors add to zero:
550c0s(90° + 6) + 60cos45° = 0

550c0s(90° + ) = —60 cos 45 = 30v2

cos(90° + 0) = %

90° + 6 =85.576° or 94. 424°. Since 90° + 0 should give an obtuse angle, we use the latter

solution, and we conclude that the plane should fly 4.424° degrees west of north.
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35. 1 __new point
(5,7)
35°—L
Lo
Suppose the angle the point (5,7) makes with the horizontal axis is 6, then tan6 = g 0=
tan~1Z = 54.46°. The radius of the quarter circle = V52 + 72 =+/74 = 8.602. The angle

5
which formed by the rotation from the point (5, 7) is =35°, so the new angle formed by the

rotation from the horizontal axis = 54.46° + 35° = 89.46°. So the new coordinate points are:
(8.602 c0s89.46°,8.602sin89.46°) = (0.081,8.602).

37.

25mph
0
10mph

5 . . . L
tand = j—o therefore 8 = 68.128°; in relation to car’s forward direction it is = 90 —

68.128 = 21.80°.

8.5 Solutions to Exercises

1. The first equation x = t can be substituted into the second equation to get y(x) = x? — 1,
corresponding to graph C. [Note: earlier versions of the textbook contained an error in which the

graph was not shown.]
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3. Given x(t) = 4sin(t), y(t) = 2 cos(t): z = sin(t),% = cos(t). We know sin?(t) +

2

2
cos?(t) = 1,50 = + 2> = 1. This is the form of an ellipse containing the points (+4, 0) and
(0,£2), so the graph is E.
5. From the first equation, t = x — 2. Substituting into the second equation, y = 3 —
2(x —2) =3 —2x+4 =—2x+ 7, alinear equation through (0, 7) with slope -2, so it
corresponds to graph F.

7. It appears that x(t) and y(t) are both sinusoidal functions: x(t) = sin(t) + 2 and y(t) =
—sin(t) + 5. Using the substitution sin(t) = x — 2 from the first equation into the second
equation, we get y = —(x — 2) + 5 = —x + 7, a line with slope -1 and y-intercept 7. Note that
since —1 < sin(t) < 1, x can only range from 1 to 3, and y ranges from 4 to 6, giving us just a
portion of the line.

&
7
i \

[SFTL PR S
—

-
'

] T2 3456 78

9. We can identify (x, y) pairs on the graph, as follows:

X y It appears that this relationship could be described by the equation
y = +Vx3, s0 we can use the parametric equationsx(t) = t? and y(t) =
0 0 t3.
1 -1,1
2 ~ —3,3
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e ba e e
e ba e e

SE 5212543 2 543

—
|

U b b il
C e T

x(t) y(t)

11. From the first equation, we get t = %(x — 1), and since t ranges from -2 to 2, x must range

2
from -3 to 5. Substituting into the second equation, we get y = (% (x — 1)) = i(x —1)2,

LR ST
N I R T

4320123456

13. From the first equation, t = 5 — x. Substituting into the second equation, y = 8 —

2(5 —x) = 8 —10 + 2x, so the Cartesian equation is y = 2x — 2.

15. From the first equation, t = xT_l Substituting into the second equation, y = 3 (xT_l)

17. From the first equation, ¢t = In (’Z—C) Substituting into the second equation, y = 1 — 51In (g)

3
19. From the second equation, ¢ = 2. Substituting into the first equation, x = (g) -

21. Note that the second equation can be written as y = (e2%)3. Then substituting x = e?* from

the first equation into this new equation, we get y = x3.
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23. From the first equation, cos(t) = z. From the second equation, sin(t) = % Since

2 2
sin?(t) + cos?(t) = 1, we getZ—2+ 35'_2 =1.

25. The simplest solution is to let x(t) = t. Then substituting t for x into the given equation, we

get y(t) = 3t% +3.

27. Since the given equation is solved for x, the simplest solution is to let y(t) = t. Then

substituting t for y into the given equation, we get (t) = 3log(t) + t.

29. Note that this is an equation for an ellipse passing through points (+2,0) and (0, +3). We
can think of this as the unit circle (cos(t), sin(t)) stretched 2 units horizontally and 3 units

vertically, so x(t) = 2 cos(t) and y(t) = 3sin(t).

31. There are several possible answers, two of which are included here. It appears that the given
graph is the graph of y = 3/x + 2, so one possible solution is x(t) = t and y(t) = Vt + 2. We
could also look at the equation as x = (y — 2)3. To parameterize this, we can let x(t) = t3.
We’dthenneedt =y — 2,50 y(t) =t + 2.

33.

33. The given graph appears to be the graph of y = —(x + 1)2. One possible solution is to let
y(t) = —t?. We'dthenneedt = x + 1,50 x(t) =t — 1.

35. Since the Cartesian graph is a line, we can allow both x(t) and y(t) to be linear, i.e.

x(t) = myt + by and y(t) = m,t + b,. When considering x in terms of ¢, the slope of the line

willbe m; = @ = 3. Note that b, is the value of x when t = 0, s0 b, = —1. Then

(931

== —2,and b, = y(0) = 5. Then

_1_

x(t) = 3t — 1. Likewise, y(t) will have a slope of m, =

(=]

y(t) = -2t +5.



Last edited 12/4/14

37. Since the range of the cosine function is [-1, 1] and the range of x shown is [-4, 4], we can

conclude a = 4. By an analogous argument, ¢ = 6. then x(t) = 4cos(bt) and y(t) = 6sin(dt)

Since x(0) = 4 cos(b - 0) = 4 for any value of b, and y(0) = 6sin(d - 0) = 0 for any value of
d, the point (4, 0) is where t = 0. If we trace along the graph until we return to this point, the x-
coordinate moves from its maximum value of 4 to its minimum of value -4 and back exactly 3
times, while the y-coordinate only reaches its maximum and minimum value, 6 and -6
respectively, exactly once. This means that the period of y(t) must be 3 times as large as the

period of x(t). It doesn’t matter what the periods actually are, as long as this ratio is preserved.

2% __ and similarly for d and

Recall that b and d have an inverse relation to the period (b = ————
period of x

y), so d must be one third of b for y to have three times the period of x. So let’s let b = 3 and
d = 1. Then x(t) = 4cos(3t) and y(t) = 6sin(t).

39. Since the range of the cosine function is [-1, 1] and the range of x shown is [-4, 4], we can
conclude a = 4. By an analogous argument, ¢ = 3. then x(t) = 4cos(bt) and y(t) =
3sin(dt).

Since x(0) = 4 cos(b - 0) = 4 for any value of b, and y(0) = 3sin(d - 0) = 0 for any value of
d, the point (4,0) is where t = 0. From this point, imagine tracing the figure until the whole
figure is drawn and we return to this starting point. (Note that in order to do that, when reaching
(-4, 3) or (-4, -3), we must backtrack along the same path.) The x-coordinate moves from its
maximum value of 4 to its minimum of value -4 and back twice, while the y-coordinate moves
through its maximum and minimum values, 3 and -3 respectively, three times. If we think about
compressing the graphs of the standard sine and cosine graphs to increase the period accordingly

(as in Chapter 6), we need b = 2 (to change the cosine period from 2 to ) and d = 3 (to

change the sine period from 27 to 2?”). Then x(t) = 4cos(2t) and y(t) = 3sin(3t).

41. Since distance = rate - time, we can model the horizontal distance at x(t) = 15¢t. Then

X . . .. . x 2 .
t = —. Substituting this into the y(t) equation, we get y(x) = —16 (E) + 20 (E)
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43, We’ll model the motion around the larger circle, x; (t) and y, (t), and around the smaller
circle relative to the position on the larger circle, xs(t) and ys(t), and add the x and y

components from each to get our final answer.

Since the larger circle has diameter 40, its radius is 20. The motion starts in the center with
regard to its horizontal position, at its lowest vertical point, so if we model x; with a sine
function and y, with a cosine function, we will not have to find a phase shift for either. If we
impose a coordinate system with the origin on the ground directly below the center of the circle,

we get x; (t) = 20sin(Bt) and y, (t) = —20 cos(Bt) + 35. The period of the large arm is 5

2

2 . 2 2
= ?n Then x; (t) = 20 sin (?” t) and y; (t) = —20cos (?n t) + 35.

period -

seconds, so B =

The small arm has radius 8 and period 2, and also starts at its lowest point, so by similar

arguments, xs(t) = 8sin(mt) and ys(t) = —8 cos(mt).

Adding the coordinates together, we get x(t) = 20 sin (2?” t) + 8sin(mt) and y(t) =

—20 cos (2?” t) — 8 cos(mt) + 35.



