Chapter 6:
Peri ocdimcti ons

In the previous chapter, the trigonometric functions were introduced as ratios of sides of a
right triangle, and related to points on a circle. We noticed how émely values of the

points did not change with repeated revolutions around the circle by finding coterminal
angles. In this chapter, we will take a closer look at the important characteristics and
applications of these types of functions, and begin solvingtiegsanvolving them.
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Sectio n 6.1 Sinusoidal Graphs

The London Eyeis a huge Ferris whe&B5 meters
(394feet)tall in London, England, which completes on
rotation every 30 minutes. When we look at the
behavior of this Ferris wheel it is clear that it complete
1 cycle or 1 revolutionand then repeats this revolutior
over and over again.

This is an example of a periodic function, because the
Ferris wheel repeats its revolution or one cycle every
minutes, and so we say it has a period of 30 minutes.

In this sectbn, we will work to sketch a graph of a
r i der 6abovdtieeigpund over time and express
this height as a functioof time. e

Periodic Functions

A periodic function is a function for wheh a specific horizontal shiff, results in the
original function f(x+P) = f(X) for all values oik. When ths occurs we call the
smallest such horizontahift with P > 0 the period of the function.

! London Eye photo by authors, 2010, G

This chapter is part d®recalculus: An Investigation of Functio@sLippman& Rasmussen 2.
This material is licensed under a Creative Commons$BEESA license.
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You might immediately guess that there is a connection here to finding points on a circle,
since the height above ground would correspond ty tiadue of a point on the circle.

We can determine thevaue by using the sine function. To get a better sense of this
functionos

behavior, we can create
graph of the sine and cosine functions.
Listing some of the values for sine and cosine on acincie,
d O o P B P |2 ¥ w o |p
6 4 3 2 3 4 6
cos 1 J3 |42 |1t 0 1 J2 J3 | -1
2 |2 |2 2 2 | 2
sin 0 1 J2 |3 |1 J3 2 1 0
2 |2 | 2 2 |2 |2

Here you can see how for each angle, we usg Yh&ie of the point on the circle to

determine th@utput value of the sine function.

________________ i

Plotting more points gives the full shape of the sine and cosine functions.
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Notice how the sine values are positive betweand which correspond to the values
of sinein quadrants 1 and 2 on the unit &rcand thesinevalues are negative between
and2 ", corr eqgegurants@amig. t o

f(ﬁq\: cos (9)
A

Lot B

-1+

Like the sine function we can track the value of the cosine function through the 4
guadrants of the unit circle as we place it on a graph.

Both of thesdunctions are definefbr all real numbers, since we can evaluate the sine
and cosine of any angle. By thinking of sine and cosim@alinates opoints on a unit
circle, it becomes clear that the range of both functions must be the iteh\Al.

Domain and Range of Sine and Cosine

The domain of sine and cosine is all real numbersg ¥.
The range of sine and cosine is the intervha| 1].

Both these graphs acalledsinusoidalgraphs.

Il n both graphs, the shape of the graph beg
coterminal angles will have the same sine and cosine values, we could conclude that

sin(g +2p) =sin(g) and cos@ +2p) = cos@) .

In other words, if youweretoshif ei t her graph horizontally &
would be identical to the original function. Sinusoidal functions are a specific type of
periodic function

Period of Sine and Cosine
The period of the sine and cosine functions are bdth
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Looking at these functions on a domain centered at the vertical axis helps reveal
symmetries.

sine cosine
y y

1+ //\
N 2o iéé‘e 4\71 AV IR B
14 1+

The sine function is symmetric about trégin, the same symmetry the cubic function
has, making it an odd functiomhe cosine function is clearly symmetric aboutylais,
the same symmetry as the quadratic function, making it an even function.

Negative Angleldentities

The sine is an odfilinction, symmetric about tharigin, sosin(- g) = - sin(qg) .

The cosine is an even function, symmetric abouytheis, socos( g) = cos@) .

These identities can be used, among other purposes, for helping with simplification and
provingidentities.

You may recall the cofunction identity from last chaptamn(g) = co% - q8.
(;; =

Graphically, this tells us that the sine and cosine graphs are horizontal transformations of
each other. We can prove this by using the cofunction identtyrennegative angle
identity for cosine.

éo ~ o ~
sin(g) = Cog qo cose g+P8= cosg 59 - ’—7%:co§§g-'38
¢ 2% g 28T 2R

Now we can clearly see that i f we horizontall

we get the sine function.

Remember this shift is not representing the period ofuthetion. It only shows that the
cosine and sine function are transformations of each other.
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Example 1

Simplify %‘(q‘?.

We start by usinghe negative angl@lentity for sine.
- sin(g)
tan(@)
- sin(g)

Sm(c%os@)

- sin(g) C (_)S@) Simplifying we get
sin(q)
- C0s@)

Rewriting the tangent

Inverting and multiplying

Transforming Sine and Cosine

Example 2

A point rotates around a circle of radius 3. ¢,
Sketch a graph of thecoordinate of the A
point.

2__
Recall that for a point on a circle of radius
r, they coordinate of the point is
y =rsin(g), so in this casaye getthe I — gl
equationy(q) = 3sin(q) . yi
The constant 8auses a vertical stretch of 27
they values of the function ba factor of3. -3+
Notice that the period of the function does not change.

Since the outputs of the graph will now oscillate betw&eand 3, we say that the
amplitude of the sine wave is 3.

Try it Now
1. What is the amplitude of tHfenctionf (g) = 7cos@) ? Sketch a graph ofith
function.
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Example 3

A circle with radius 3 feet is mounted with its center 4

feet off the ground. The point closest to the ground is

labeledP. Sketch a graph of the height above ground of

the pointP as the circle is rotated, then fiadunction

that gives the height irtms of the angle of rotation. 4 ft

Sketching the height, we note that it will start 1 foot
above the ground, then increase up to 7 feet above the
ground, and continue to oscillate 3 feet above and
below the center value of 4 feet.

=
>
~—

3

Although we could use aansformation of either the
sine or cosine function, we start by looking for
characteristics that would make one function edsier
usethan the other.

We decide to use a cosine function because it starts
the highest or lowest value, while a sine fimtistarts

at the middle valueA standard cosine starts at the
highest value, and this graph starts at the lowest val -1t
S0 we need to incorporate a vertical reflection

gt

7__

6-_

5__

44

3l
\
1

1 2 3 4 5 6 7

Second, we see that the graph oscillates 3 above and below the center, wdide a

the last example.

shifted upby 4. Putting these transformations ttges,

h(g) =- 3cos@) +4

0

ba

cosine has an amplitude of one, so this graph has been vertically stretched by 3, as in

Finally, to move the center of the circle up to a height of 4, the graph has been vertically

Midline

The center value of a sinusoidal function, the value that the function oscillates a
and below, is called thmidline of the functioncorresponding to gertical shift

Thefunction f(g) =cos@) +k has midline ay = k.

bove

Try it Now
2. What is the midline of theunction f (g) =3cos@) - 4? Sketch a graph of the
function.
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To answer the Ferris wheel problem at the beginning of the section, we need to be able to
express our sine ambsine functions at inputd time. To do so, we will utilize

composition. Since the sine function takes an input of an angle, we will look for a
function that takes time as an input and outputs an angle. If we can find a sgi{table

function, then we can compose this with () = cos@) functionto obtain a sinusoidal
function of time: f (t) = cos@(t)) .

Example 4

A point completes 1 revolution every 2 minutes aroantcle of radius 5. Find the
coordinate ofhe point as a function of time, if it starts at (5, 0).

Normally, we would express thxecoordinate of a point on a cirabentered at the origin
usingX = cos@) . Here we write the functiox(q) = 5c0s@) .

z(t)
The rotation rate of 1 reWgtion every 2 minutes is an 2
angular velocity. We can use this rate to find a formula
the angle as a function of tim@he point begins at an
angleof0.Si nce the point rota
radians every 2 minut e,
After t minutes, it will have rotated:

g(t) = pt radians

Composing this with the cosine function, we obtain a
function of time.
X(t) =5cos@(t)) = 5cos(pt)

Notice that this composition has the effect of a horizasaaipression, changing the
period of the function.

To see how the periaglatesto the stretch or compression coeffici@&inh theequation
f(t) =sin(Bt), note that the period will be the time it takes to complete one full
revolution of a circle.If a point taked® minutes to complete 1 revolution, then the
2p radians

2 . . . .
. Theng(t) = —pt . Composing with a sine function,
P minutes P

angular velocity i

azp

f(t) =sin(g(t)) = sinae—tg
c P -

From this, we can determine the relationship betweeodégcient B and the period:
2
b
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Notice that the stretch or compression coefficknts a r at i o emoflofd h e
sinusoi dalo fhetveertfiiwdd.00 I f we know the

coefficientB, we can @Wvee tiP'Fo%éZd @ahe n

Summarizing our transformations so far:

Transformations of Sine and Cosine
Given an equation in the forrfi(t) = Asin(Bt)+k or f(t) = AcogBt)+k
A'is the vertical stretch, and is tamplitude of the function.

B is the horizontal stretch/compression, and is rdl&aeheperiod, P, by P = 2—’0

k is the vertical shift and determines tihélline of the function.

Example 5

What is the period of the functiof(t) = sin%gtg?
g -

Using the relationship above, the stretch/compression faCBJFi%, so the period

will be P:Q:%:Zpéqzu.
B P P
6

While it is common to compose sine or cosine \iitictions involving time, the
composition can be done so that the input represents any reasonable quantity.

n
S

nor mal
tretect
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Example 6

A bicycle wheel with radius 14 inches has blmtommost point on the wheel marked
in red. The wheel then begins rolling down theedtréVrite a formula for the height
above ground of the red point after the bicycle has traveileches.

The height of the point begins at the lowest value, 0,
increases to the highest value of 28 inches, and
continues to oscillate above and below a center heig
of 14 inches. In terms of the angle of rotatidn,

h(g) = - 14cos(g) +14

Starting

In this casex is representing a linear distance the Rotated byd
wheel has travelled, corresponding to an arclength
along the circle. Since arclength and angle can be
related bys=rgqg, in this case we can write=14q,
which allows us to express the & terms oix:

X
Q(X)—ﬂ

Composing this witltour cosinebasedunctionfrom above

h(x) = h(g(x)) = - 14cose’ 3+14 = - 14cofet x8+14
cld+ cld -+

14
of the circle. This makes seriséhe wheekompletes one full revolution after the
bicycle has travelled a distance equivalent to the circumference of the wheel.

Example 7

Determine the midline, amplitude, and period of the functigt) = 3sin(2t)+1.

The amplitude is 3
The period isP = % - ¥ =p

The midline is aty =1

Amplitude, midline, and period, when combined with vertical flips, allow us to write
equations for &ariety of sinusoidal situations.
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Try it Now
3. If a sinusoidal function starts on the midline at point (0,3), has an amplitude of 2, and
a period of 4write a formula for the function

Example 8
Find a formuldor the sinusoidal function ()
graphed here. L

high of 3, putting the midline at=1,
halfway between.

The graph oscillates from a low df to a /\ 3 /\

1
r 1

The amplitude will be 2, the distance from 5 & W T s 6 ¢
the midline to the highest value (or lowest : 1+ - i
value) of the graph.

21

The period of the graph is 8. We can measure this from the first peak2to the
secand atx = 6. Since the period is 8, the stretch/compression factor we will use will be

At x = 0, the graph is at the midline value, which tells us the graph can most easily be
represented as a sine function. Since the graph gwrakes, this must be a vertical
reflection of the sine function. Putting this all together,

f(t) = - 2singt8+1
¢4 +

With these transformations, we are ready to answer the Ferris wheel problem from the
beginning of the section.

Example 9

The London e is a huge Ferris wheel in London, England, which completes one

rotation every 30 minutesThe diameter of the wheel is 120 meters, but the passenger
capsules sit outside the wheel. Suppose the diameter at the capsules is 130 meters, and
riders board from a platformeters above the ground. Express a@éder haboveg h t
groundas a function of time in minutes.

It can often help to sketch a graph of the situation before trying to find the equation.
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With a diameter of 30 meters, the wheel hasa
radius of & meters. The height will oscillate withiso}
amplitude of65 meters above and below the 1401

center. 130T
120t

P
’ o

Passengers boakdmeters above ground level, sa,,, |
the center of the wheel must be loca#éd- 5 = a0l
70 meters above ground level'he midline of the sot

oscillation will be af70 meters. 707
601

The wheel takes 30 minutes to complete 1 42

revolution, so the height will oscillate with period ,,1

of 30 minutes. 201
101

Lastly, since the rider boards at the lowest point P00 15 20 25 a0 35 40!

the height will start at the smallestlue and

increase, following the shape of a flipped cosine curve.

Putting these together:

Amplitude: 65

Midline: 70

Period: 30, saB = 2 P
30 15

Shapenegative cosine

An equation for the riderods height woul d L

h(t) = 65cos§%t 8
Q -

Try it Now -
4. The Ferris wheel at the Puyallup Fdias a diameter of about 70
feet and takes 3 minutes to complete a full rotation. Passenge
board from a platform 10 feet above the ground. Write an :
equati on f orabozegroundwertimes hei gh _»%

While these transformations are sufficientépresentnanysituations, occasionally we
encounter a sinusoidal function that does not have a vertical intercept at the lowest point,
highest point, or midline. In these cases, we need to use horizontal Shifts.we are
combining horizontal shifts ih horizontal stretches, we need to be careRecall that

when the inside of the function is factored, it reveals the horizontal shift.

2 Photo by photogirl7.1http://www.flickr.com/photos/kitkaphotogirl/432886205/sizesC-BY



http://www.flickr.com/photos/kitkaphotogirl/432886205/sizes/z/
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Horizontal Shifts of Sine and Cosine
Given an equation in the forri(t) = Asin(B(t - h))+k or f(t) = AcogB(t- h))+
his the horizontal shift of the function

Example 10

Sketch a graph of (t) = 3sm%t - ZO'

To reveal the horizontal shift, we first need to factor inside the function:

f(t)= ?:Sil‘lgéZ (t- 1)9
c4 =

This graph will have the shapeatine function, starting at the midline and increasing,

with an amplitude of 3. The period of the graph willBe % = % = 2,0(?5 8.
4

Finally, the graph will be shifted to the right by 1.
f
Y

4__

ziﬁ//\\iﬁ | /

g\

In some physics and mathematics books, you will hear the horizontal shift referred to as
phase shift In other physics and mathematics books, they would say the phase shift of

S~
-
Y

the equation abovie ’Z the value in the unfactored form. Because of this ambiguity, we

will not use he term phase shift any further, and will only talk about the horizontal shift.
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Example 11
Find a formulafor the function graphed here.

With highest value at 1 and lowest valuetthe

midline will be halfway between a2.

_ o _ 21 f1Ys4s5d7%°
The distance from the midline to the highest or ? A e '

lowest value gives an amplitude of 3.

The period of the graph is 6, which can be
measured from the peakyat 1 to thenextpeak at

x =7, or from the distance between the lowest <
points. This givesB = P _2P b

For the shape and shift, we hawere than oneption.
A cosine shifted 1 to the right

A negative cosine shifted 2 to the left

A sine shifted % to the left

A negative sine shifted 2.5 to the right

shifts in this case, because theyolve integer values.

y(X) :3co§%(x- 1)8- 2 or
(; -

y(X) =- 300% (x+ 2)8- 2
(!‘ =

1 1 | 3
(= B
1 I |
T T T

We could eitbr write this as:

While any of these would be fine, the cosine shifteeaeer to work witlthan the sine

Writing these:

Again, thesdunctionsare equivalent, so botheld the samgraph.

Try it Now
5.  Write a formulafor the functiongraphed here.

=)

L U - -]

-1#123456?39101112“E
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Important Topics of This Section

Periodic functions
Sineandcosine function from the unit circle
Domain andange ofsine and osine functios
Sinusoidal functions
Negative angle identity
Simplifying expressions
Transformations
Amplitude
Midline
Period
Horizontal shifts

Try it Now Answers

1.7
2.-4
.ap 0o
3. f(X)=2singa-Xx §t3
% 0
4. h(t) = 35cos,"§‘e%pt 2 4
(;; =

5. Two possibilities: f (x) :4005% x -3.5) 8 +or f(x) :4sin% (x -1) 24
¢ * ¢ *




Section 6.1 Exercises

1. Sketch a graph of (x) = 3sin(X).
2. Sketch a graph of (x) =4sm( )
3. Sketch a graph of (x) =

4. Sketch a graph of (x) = 4cos( )

Section 6.1 Sinusoidal Graphs409

For the graphs below, determine the amplitude, midline, and periodjridenformula

for the function

65 4-3-2-1] 123456

10.
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For each of the following equations, find tmplitude, period, horizontal shift, and
midline.

11. y=3sin(8(x +4)) %

12.y= 4sin§% (x -3)
¢

1-O:On

13. y=2sin(3x -21) +

14. y=5sin(5x +20) =

15. y=sin%x 1 8-3
c -

16. y=8sina? x +-F %6
c6 2 =

Find a formula for each of tHanctions graphetelow.
Y

d4-3-d2f1d00 87 A5 432 12 3 5 6

' ! ! |
(= L

17.

18. 4T
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2..

:ll:::ll::::l\:::ll/m
-13-12-11-10@-4 32 -l 2 3 4 6 7
1+

19. 24

Y

N\

20. 3+

21.Outside temperature ovite course oh day can be modeled as a sinusoidal function.
Suppose you know the temperature is 50 degrees at midnight and the high and low
temperature during the day are 57 and 43 degrees, respectively. Assigirg
number & hours since midnight, find a functidar the temperaturd), in terms ot.

22.0utside temperatur@verthe course o day can be modeled as a sinusoidal function.
Suppose you know the temperature is 68 degrees at midnight and the high and low
temperature during the day are 80 and 56 degregsectively. Assumingis the
number of hours since midnight, fiadfunctionfor the temperaturd), in terms oft.

23. A Ferris wheel is 25 meters in diameter and boarded from a platform that is 1 meters
above the ground. The six o'clock position onReeris wheel is level with the
loading platform. The wheel completes 1 full revmatin 10 minutes. The function
h(t) gives your height in meters above the grounmdnutes after the wheel begins to

turn.
a. Find the amplitude, midline, and period loft).

b. Finda formulafor the height functiorh(t).
c. How high are you off the ground after 5 minutes?

24. A Ferris wheel is 35 meters inagneter and boarded from a platform that is 3 meters
above the ground. The six o'clock position on the Ferris wheel is level with the
loading platform. The wheel completes 1 full revolution in 8 minutas. function
h(t) gives your heighin meters above the grouhdiinutes after the wheel begins to

turn.
a. Find the amplitude, midline, and period loft) .
b. Finda formulafor the height functiorh(t).
c. How high are you off the ground af&minutes?
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Section 6.2 Graphs of the Other Trig Functions

In this section, we will explore the graphs of the other four trigonometric functions.
tChaptgr & we definad tangentyss n .

We 61 | begin with the

or sine/cosine, so you can think of the tangent as the slope ofthrbaeh the origin

makingthe given anglavith the positivex axis

At an angle of 0, the line would be horizontal with a slope of zero. As the angle increases
ncreases

towards “~ /2, the sl
vertical arl the slope would be undefined.
| mmedi at el y pashavealsteep t
negative slopegiving a large negative tangent value
There is a break in the
tangent value jumps from large positive to large
negative.

ope i

A
4__

RE

2+

£(6) = tan 9)

mor e

We @n use these ideas along with the definition of
tangent to sketch a graph. Since tangent is define:
sine/cosine, we can determine that tangent will be
zero when sine is zero: @t, O, ", anc
Likewise, tangent will be undefined when cosine is
zero: at” |/ 2, "/ 2, and so on

/n

The tangent i s
the unit circle.

positive

S

44

from O

B

to |/

Using technology, we can obtain a graph of tangent on a standard grid.

Notice that the graph appears to reptsatfi. For any yc?)

angle on the circle, there is a second angle with the T 47 r

same slope and tangent value halfway around the 3

circle, so the graph re 21

we can see one continuous cycle from/ 2t o l

before it jumpsandrepeats itslf. /
_ 4/°3 2 -1 2 /3 4

The graph has vertical asymptotes and the tangent £1+

undefined wherever a line at thatgle would be 91

verticatat /2, 37/ 2, and st y

the function is limited in this way, the range of the i

function is all real numbers. 1 -4t 1

and

/2,

e

Recal

mor

wher

domai

N
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Features of the Graph of Tangent

Theperiodof t he

The graph of the tangent functionm(g) = tan(g)
tangent function is

Thedomain of the tangent function ig , % +kp , wherek is an integer

Therange of the tangent function is all real numbegs,g ¥

With the tangent function, like the sine and cosine functions, horizontal

stretches/compressions are distinct from vertical stretches/compressions. The horizontal
stretch can typically be determined from the period of the graph. With tangent graphs, it

is often necessary tteterminea vertical stretch using a point on the graph.

Example 1

Find a formuldor the function graphed here (0)

The graph has the shape of a tangent
function, however the period appears to be

We can see one full continuous ayétom-4 21

to 4, suggesting a horizontal stretch. To

stretch °~ to 8, theil,/8 6 4 2
be multiplied byg. Since the constaftin

f (g) =atan(k gis the reciprocal of the

horizontal stretchg, the equation must have

form

f(g) = atard ¢
g8

o

We can also think of this the same way we did with sine and cosine. The period of the
tangent function ip but it has leen transformed and now it isrf@member the ratio of

the Anor mal peri o d%&andisoothistbdmemeﬁthee/aiue pnghei od o i s

inside of the function that tells us how it was horizontally stretched.

To find the vertical stretch, we can use a point on the graph. Using the point (2, 2)

2=atandd @8=atard® 8. Sincetardt. 8= 1, a=2
c8 = ¢4+ ¢4~

o

Thisfunctionwould havea formulaf (g) = 2tar8%q
¢
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Try it Now
1. Sketch a graph of (g) = 3tar‘3%q
¢

o

: . . 1
For the graph of secant, we remember the reciprocal identity sbefd = a
cos
Notice that the function is undefined when the cosine is 0, leading to a vertical asymptote
in the graph at ~/ 2, 3 rnokorethartooeinabsSlutence t he co

value, the secant, being the reciprocal, will alwayed&sshan ore in absolute value.
Using technology, we can generate the graph. The graph of the cosine is shown dashed
S0 you can see the relationship.

16)

f(g) =sec@ -1 ‘ r | ‘4 , 1 r

= )4 Y

ra

B 7165t 3,21

B b
)‘

The graph of cosecant is similar. In fact, sist€q) = co% - q8, it follows that
(; =

csc@) = se% - qg, suggesting the cosecant graph is a horizontal shift of the secant
(; =
graph. This graph will be undefined where sine is 0. Recall from theiroié that this

occurs at o0, °~, 2°, etc. The graph of sine i
cosecant.

f6)

s Y
f(g) =csc@) = sin@) J

~
> ’ N

8276 -5 4-3.2-17] 1 2 3 5.6 7 8

H N W s
-
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Features of the Graph of Secant and Cosecant
The secant and cosecant gregnefunctioasyve |[peri oc

Secant has domaif , %+ kp , wherek is an integer

Cosecant has domap, ko, wherekis an integer
Both secant and cosecant have ranigé 9- 1] C[L =)

Example 2

Sketch a graph of (g) = chcg%qg+1. What is the domain and range of this
c -

function?

The basic cosecant graph has vertical asymptotes amtéigermu | t i pl es of

of the factor% inside the cosecaythe graph will be compressed %y so the vertical

asymptotes will be compressedqa- I%Ckp =2k . In other words, the graph will have

vertical asymptotes at thietegermultiples of 2, and the domain will correspondingly
be g, 2k, wherekis an integer.

The baic sine graph has a range df,[1]. The vertical stretch by 2 will stretch this to
[-2, 2], and the vertical shift up 1 will shift the range of this functiontp3].

The basic cosecant graph has a range of- 1] C[L=). The vertical s&tch by 2 will
stretch this ta(- g- 2] C[2,=), and the vertical shift up 1 will shift the range of this

functionto(- g-1C[3,2). 1(9)
J
. . . 61
The resulting graph is shown to the right. \ ] 5_\ [ \ l
Notice how the graph of the transformed 4
cosecant relates to the graph of :'\J\ 37 ,\j\ X‘/\
o ~ 24 A\ !
f () = 2sin%. g8+1 shown dashed. | B ENEE N
c2 =+ N v 3 1
A Loy A ul >0
a\f\s,’ 1 -3 -'2‘\-'1:1 1 2v3,74 5 6
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Try it Now f6)
. 2 0 5_5
2. Given the graplof f(g) = 2005%,%qo+1 shown, sketch the i
Q =
— ap 0 i
graph of g(g) = ZSe&%qoﬂ on the same axes. \ X /
¢ + 1
TG N/
24
-3+

Finally, weol |l |l ook at the graph of cotangent
to sine, it will be undefined when the sineiszemot at O, , 27, etec. The
is similar to that of the tangent. In fact, iakorizontal fip and shift of the tangent

function, as thenéxtdxamplee shortly 1in

f(f?)

o W s

Features of the Graph of Cotangent

The cotangent graph has period

Cotangent has domaip, ko, wherekis an integer
Cotangent has rangé all real numbers(- g ¥

In Section6.1 we determined that the sine function was an odd function and the cosine
was an even functiooy observing the grapfindestablishing the negative angle

identities for cosine and sin&imilarly, you may noticérom its graph thathe tangent

function appears to be odd. We can verify this using the negative angle identities for sine
and cosine:

tan(- g) = sin(- g) _ - sin(g) _ _ tan(g)

cod- g)  codg)

The secant, like the cosine it is based on, is an even function, while the cosecant, like the
sine, is an odd function.
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Negative Angleldentities Tangent, Cotangent, Secant and Cosecant

tar(- g) =- tar(g) cof- g)=- cofg)

se¢- q) =sedq) csd- g)=- csdg)

Example 3

Prove thattan(g) = - cot3g - ’%g

C -
tar(q) Using the definition of tangent
_ sin(q)

Using the cofunction identities

(@)
@)

da

(@]
(@]
3
N |
1
Q
|- OO

= _92—~ Using the definition of cotangent
: Q
singe- -
c2 qg
=co - qg Factoring a negative from the inside
(; =
= Cot% Zaﬂ- %88 Using the negative angle identity for cot
=- cot‘?w- £g
C 2=+

Important Topics of This Section
Thetangent and cotangent functions
Period
Domain
Range
The secant and cosecant functions
Period
Domain
Range
Transformations
Negative Angle identities




418 Chapter 6

Try it Now Answers

:/ |
/o

8 -7/ 5 -4 -3 -2 -
| | | | 94
| | I ) | A4+
| 1 A -6+
-8+
1.
2








































































