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Section 1.1 Functions and F unction Notation

What is a Function?

The natural world is full of relationships between quantities that chahpen we see

these relationships i t i s n at dirkrol onk quantity san ltthen deteriinef |
t h e o Thisestallishes the idea of an input quantity, or independent variable, and a
corresponding output quantity, or dependent variabtem this we get the natn of a
functional relationshifn which the output can be determined from the input.

For someajuantities, like height and age, there are certainly relationships between these
guantities. Given a specific person and any age, it is easy enough to determine their
height but if we tried to reverse that relationship and deterragefrom a given hel,

that would be problematic, since most people maintain the same height for many years.

Function

Function: A rule for a relationship between an input, or independent, quantity and an
output, or dependent, quantity in which each in@lti®@ uniquely determines one
output value.We sayfithe output is a function of the inpai.

Examplel

In the height and age example above, is height a function of age? Is age a function of
height?

In the height and age example above, it would be dowesay that height is a function
of age, since each age uniquely determines a hefgiitexample, on my 18birthday,
| had exactly one height of 69 inches.

However,age is not a function of height, since one height input might correspond with
more than one output ageor example, for an input height of 70 inches, there is more
than one output of age since | was 70 inches at the age of 20 and 21.

This chapter is part d®recalculus: An Investigation of Functio@sLippman& Rasmussen 0.
Thismaterial is licensed under a Creative CommonsBYCSA license.
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Example2

At a coffee shop, the menu consists of items and their prisgwmice a function ofite
item? Is the item a function of the price?

We could say that price is a function of the item, since each input of an item has one
output of gprice corresponding to itWe could not say that item is a function of price,
since two items might have tkame price.

Example 3

In many classes the overall percentage you earn in the course corresponds to a decimal
grade point. Is decimal grade a function of percentage? Is percentage a function of
decimal grade?

For any percentage earned, there woeléldecimal grade associated, so we could say

that the decimal grade is a function of percentage. That is, if you input the percentage,

your output would be a decimal grade. Percentage may or may not be a function of

decimal grade, depending uponthekteacr 6 s gr adi ng scheme. With s
systems, there are a range of percentages that correspond to the same decimal grade.

One-to-One Function

Sometimes in a relationship each input corresponds to exactly one output, and every
output corresponds to exactly one inpWe call this kind of relationship @ne-to-
one function.

From Exampe 3,if each unique percentage corresponds to one unique decimal grade
point and each unique decimal grade point corresponds to one unique percentage then it
iS a oneto-one function.

Try it Now
Letds consider bank account i nformati on.

1. Is your balance a function of your bank account number?
(if you input a bank account number does it make sense that the output is your balance?)

2. Is your bank account number a function of your balance?
(if you inputa balancedoes it make sensedtithe output is youpank account numbey
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Function Notation

To simplify writing out expressiorend equationsvolving functions, a simplified
notation is often usedWe also use descriptive variables to help us remember the
meaning of the quanids in the problem.

Rat her than write i wecoudhgethe descaptive vamabldoi on o f
represent height and we could use the descriptive vaadbleepresent age.

Aheight i s a if wewmanme the fanctiofove writkeg e 0
fhisf of a0 or more simply

h =1f(a) we could instead name the functioand write
h(a) whi ch hafaor ead 0

Remember we can use any variable to name the function; the ndi@)@mows us that

h depends oa. Thedvmbse KHBe put hoi nntoo gtehte af unecstuil
careful- the parentheses indicate that age is immotthe function (Note: daot confuse

these parentheses with multiplication!).

Function Notation

The notation output finput) definsa functonnamedf Thi s woul d bje r ead
isfof 1T nputo

Exampled

Introduce function notation to regsent a function that takes as input the name of a
month, and gives as output the number of days in that month.

The number of days in a month is a function ofriame of thenonth, saf we name
the functionf, we coul d Ww({ ma reorld) @my). ¥ wessimply name the
functiond, we could writed(m)

For exampled(March) = 31, since March has 31 dayke notatiord(m)reminds us
that the number of dayd,(the output) is dependent on the name of the mom{the
input)

Example5
A function N = f(y) gives the number of police officed, in a town in yeay. What
doesf(2005) = 300 tell us?

When we read(2005) = 300, we see the input quantity is 2@@&ich is a value for the
input quantity of the functigrthe yeary). The output vale is 300the number of
police officers N), a value for the output quantitRemembeN=f(y). This tells us that
in the year 2005 there were 300 police officers in the town.
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Tables as Functions

Functions can be peesented in many way&Vords @s we did in the last few examples
tables of values, graphs, or formuld®epresented as a table, we are presented with a list
of input and output values.

In some cases, these values represent everything we know ladoelationship, while in
othercases the table is simply providing us a few select values from a more complete
relationship.

Table 1: This table represents the input, number of the month (January = 1, February = 2,
and so on) while the output is thember of days in that month. This represents
everything we know about the months & days for a given year (that is not a leap year)

(input) Month |1 |2 |3 (4 |5 (6 |7 (8 |9 |10 |11 |12
numberm
(output) Days |31 |28 |31 |30 |31 {30 |31 |31 |30 (31 (30 |31
in month,D

Table 2: The table below defines a functiGh= g(n). Remember this notation tells gs
is the name of the function that takes the inpaihd gives the outp@.

n |1 2 3 4 5
Q |8 6 7 6 8

Table 3: This table represents the age of childrgeans and their corresponding
heights. This represents just some of the data available for height and ages of children.

(input)a, age | 5 5 6 7 8 9 10
in years
(output)h, 40 |42 |44 |47 |50 |52 |54
height inches

Example 6
Which of these tablegefine a function (if any)? Are any of them eoeone?

Input | Output Input | Output Input | Output
2 1 -3 5 1 0
5 3 0 1 5 2
8 6 4 5 5 4

The first and second tables define functiomsboth, each input corresponds to exactly
one output.The third table does not define a function since the input valte of
corresponds with two different output values.
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Only the first table is on&o-one;it is both a function, and each output corresponds to

exactly one input. Although table 2 is a function, because each input corresponds to
exactly one output, each output does not correspond to exactly one input so this
function is not ong¢o-one. Tabl8 i s not even a functi

consider if it is a on¢o-one function.

Try it Now

3. If each percentage earned translated tdeitex gradewould this be a function®s it

oneto-one?

Solving and Evaluating Functions:

When wework with functions, there are two typical things we do: evaluate and
solve. Evaluating a function is what we do when we know an input, and use the function

on

to determine the corresponding outpEivaluating will alvays produce one result, since

each input of a function corresponds to exactly one output.

Solvingequations involving function is what we do when we know an output, and use

the function to determine the inputs that would produaeadtlitput. Solvinga function

could produce more than one solution, since different inputs can produce the same

output.

Example 7

Using the table shown, whe@=g(n)

a) Evaluatey(3) n 1 2 3 4

5

Q |8 6 7 6

8

Evaluatingg( 3) (godé a®:0) i

allowing us toconcludeg(3) = 7.

b) Solveg(n)=6

valueof 6. Looking at the table we see there are two solutionrs2 andn = 4.

When we input 2 into the functiag our output iQ = 6

When we input 4 into the functiag our output is &0Q = 6

means that we need to determine the output v&luef the functiorg given the input
value ofn=3. Looking at the table, we see the output corresponding3as Q=7,

Solvingg(n) = 6 meansve need to determinghatinput valuesn, produce an output

and
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Try it Now
4. Using the function in Example 7, evalug(é)

Graphs as Functions

Oftentimes a graph of a relationship can be used to define a
function. By convention, graphs are typically created wité
input quantity along the horizontal axis and the output quantity 1
along the vertical. R S P S S

The most common graph hasn the vertical axis anxion the
horizontal axis, and we sajs a function ofk, ory = f(x) when
the function is namef]

Example8
Which of these graphs defines a functyeri(x)? Which of these graphs defines a one

to-one function?
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Looking at thehireegraphs above, thigst two define a functiory=f(x), since for each
input value along the horizontal axis there is #iyaane output value corresponding,
determined by thg-value of the graphThe 3 graphdoes not define a functior=f(x)
since some input values, suchxa&, correspond with more than one output value

Graph 1 is not a onm-one function. For exanhg the output value 3 has two
corresponding input values], and 2.3

Graph 2 is a on#o-one function; each input corresponds to exactly one output, and
every output corresponds to exactly one input.

Graph 3 is not even a function so there isgason to even check to see if it is a-tme
one function.
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Vertical Line Test

Thevertical line testis a handy way to think about whether a graph detines

vertical output aa functionof the horizontal inputimagine drawing vertical lines
through the graphlf any vertical line would cross the graph more than once, then
graph does not defiranly one vertical output for each horizontal input.

the

Horizontal Line Test

Once you have determined that a graph defines a function, an easy way to dete
it is a oneto-one function is to use therizontal line test Drawhorizontal lines
through the graphf kny horizontal line crosses the graph more than once, then ti

rmine if

ne

graph does not define a eteone function

Evaluating a function using a grapdquires taking the given inpwnd using the graph
look up the corresponding outpuolving a function equation using a graph reeglir

to

taking the given outpwnd looking on the graph to determine the corresponding input.

Example9

Given the graph di(x) y
a) Evaluatd(2) A
b) Solvef(x) =4

a) To evaluat&2), we find the input ok=2 on the
horizontal axis.Moving up to the graph gives the
point (2,1), giving an output of=1. f(2) =1

5 a1 |12 3 48
b) To solvef(x) = 4, we find thesalue 4 on the |
vertical &is because if(x) = 4 then 4 is the

output. Moving horizontallyacross the graph give:
two points with tle outputof 4: (-1,4) and

(3,4). Thesegive thetwo solutions td(x) = 4: x=
-lorx=3

This meand(-1)=4 andf(3)=4, or when the input i or 3, the output is 4.

[} 1 [} U [
(< 1 - N TR R
1 1 f I |

T T T T

Notice that while thgraphin the previous example is a function, getting imjout
values for the output value of 4 shows us that this function is netbemse.

Try it Now
5. Using the graph from example 9, sdi@e=1.
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Formulas as Functions

When possible, it is very convenient to define relationships using formifiiass
possible to express the output as a fornmlalving the input quantity, then we can
define a function.

Examplel0

Express the relationshimz 6p = 12 as a functiop = f(n) if possible.

To express the relationship in this form, we need to be able to write the relationship
wherep is a functiom of n, which means writing it g3 = [something involving].

2n+6p=12 subtract & from both sides
6p=12-2n divide both sides by 6 and simplify

Having rewritten the formula gs=, we can now expregsas a function:

1
=f(n) 2 =n
p=f(n) 3

It is important to note thatot every relationship can be expressed as a function with a
formula.

Note the important feature of an equation written as a function is that the output value can
be determined diregtlfrom the input by doing evaluationsio further solving is

required. This allows the relationship to act as a magic box that takes an input, processes
it, and returns an outpuModern technology and computers rely on these functional
relationships, ince the evaluation of the function can be programmed into machines,
whereas solving things is much more challenging.

Examplell

Express the relationshig’ + y* 4 as a functiory = f(x) if possible.

If we try to solve fory in this equation:
y2 :1 _XZ

y= %

We end up with two outputs corresponding to the same input, so this relationship cannot
be represented as a single functyon f(x).
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As with tables and graphs, & common to evaluate and solve functions involving
formulas. Evaluating will require replacing the input variable in the formula with the
value provided and calculatingolving will require replacing the output variable in the
formula with the value praded, and solving for the inpisf that would produce that
output.

Examplel2

Given the functiork(t) =t* 2

a) Evaluate(2)
b) Solvek(t) = 1

a) To evaluat&(2), we plug in the input value 2 into the formula wherever we see the
input variablg, then simplify

k(2 =2 £

k(2)=8 +2

Sok(2) =10

b) To solvek(t) = 1, we set the formula fdi(t) equal to 1, and solve for the input value
that will produce that output

k(t)=1 substitute the original formula(t) =t* 2
t*+2 4 subtract 2 from each side

t?= 4 take the cube root of each side

t= 141

When solving an equatn using formulas, you can check your answer by using your
solution in the original equation to see if your calculated answer is correct.

We want to know ifk(t) =1 is true whent = 4.
k(-1) { B 2

-1 2
1 which was the desired result.

Examplel3

Given the functioth(p) = 2p

a) Evaluaten(4)
b) Solveh(p)=3

To evaluatén(4) we substitute the value 4 for the input varigbie the given function.
a) h(4)= (47 2(4)

=16 +8

=24
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b) h(p)=3 Substitute the original function(p)= p* 2p

p°+2p 3 This is quadratic, so we can rearrange the equation to gét it =
p°’+2p -3 6  subtract 3 from eachdg

p°’+2p -3 6 this is factorable, so we factor it

(p+3)(p 1) €

By the zero factor theorem sin¢e+3)(p -1) 6, either(p+3) =0 or (p-1) =0 (or
both of them equal 0) and so we solve both equations fording p = -3 from the first
equation andp = 1 from the second equation.

This gives us the solutioh(p)= 3 whenp=1 orp=-3

We foundtwo solutions in this cas&vhich tells us this function is not orie-one.

Try it Now
6. Given the functiorg(m) =+ m 4

a. Evaluatey(5)
b. Solveg(m)= 2

Basic Toolkit Functions

In this text, we will be exploring functioristhe shapes of their graphs, themique

features, their equations, and how to solve problems with them. When learning to read,
we start with the alphabet. When learning to do arithmetic, we start with numbers.
When working with functions, it is similarly helpful to have a base seieafients to
build from. We cal |l 1 dsetofdasic namedffunationd féri t

which we know the graph, equation, and special features.

For these definitions we will useas the input variable ari(k) as the output variable.

of

u
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Toolkit Functions

Linear
Constant:

Identity:

Absolute Value:

Power
Quadratic:

Cubic:

Reciprocal:

Square root:

Cube root:

Reciprocal squared: f(x) =

f (X) = ¢, wherecis a constant (number)
f(xX)=x
f(x) =X
f(x) = x°
f(x)=x°
f(X) -1

X

1

X
f()=%x =/x
f(x)=%/x

You will see these toolkit functionsombinations of toolkit functions, their graphs and
their transformations frequently throughout this book. In order to successfully follow

along later in the book, it will be very helpful if you can recognize these toolkit functions

and their featuresuickly by name, equation, graph and basic table values.

Not every important equation can be writteryasf(x). An example of this is the

eqguation of a circle. Recall the distance formula for the distance between two points:

dist=+/(x, - % )* +(y, - v,)*

A circle with radiusr with center atlf, k) can be described as all pointsy() a distance

of r from the center, so using the distance formula,/(x- h)? +(y- k)? , giving

Equation of a circle

A circle with radiusr with center b, k) has equation? = (x- h)* +(y- k)?




12 Chapter 1

Graphs of the Toolkit Functions

Constant Functionf (x) =2
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Cube root: f (x) = ¥/x
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Identity: f (x) = x

y

Cubic: f(x) =x®

Reciprocal: f (X) :i
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Absolute Value:f (x) =X
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Square root:f (x) = Ix
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Important Topics of this Section

Definition of afunction

Input (independent variable)

Output (dependent variable)

Definition of a oneto-one function

Function notation

Descriptive variables

Functions in words, tables, graphs & formulas
Vertical line test

Horizontal line test

Evaluating a function at gecific input value
Solving a function given a specific output value
Toolkit Functions

Try it Now Answers
1. Yes for each bank account, there would be one balance associated

2. Na there could be several bank accounts with the same balance

3.Yesi tabsf unct i on; -toldme(severd gercents givie the@sarae letter grade)

4. Whenn=4, Q=g(4)=6
5. There are two points where the output isxt 0 orx =2

6.a.9(5)=+v5-4=1
b. vm- 4 =2. Square both sides to get- 4=4. m=8
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Section 1.1 Exercises

1. The amount of garbag&, produced by a city with populatignis given by
G=f(p). Gis measured in tons per week, and measured in thousands of people.

a. The town of Tola has a population of 40,000 and produces 13 tons of garbage
each week. Express this information in terms of the fundtion

b. Explain the meaning of the statemei(5) =

2. Thenumber of cubic yards of djiD, needed to cover a garden with asesquare
feet is given byD = g(a).
a. A garden with area 5000 ftequires 50 cubic yards of dirExpress this
information in terms of th&unctiong.

b. Explain the meaning of the statemeg{100) =

3. Let f(t) be the number of ducks in a lakgears after 1990. Explain the meaning of
each statement:
a. f(5)=30 b. f (10) = 40

4. Let h(t) be the height above ground, in feet, of a rotlsetconds after launching.
Explain the meaning of each statement:
a. h(1) = 200 b. h(2) =350

5. Select all of the following graphs which represgas a functin ofx.

y v
5 5+ 5
4 4+ 41

; ] [\ < —

5 4 -3 -2 -1 12 3 4 5 54 3 p -1 \1/23451 7574,3—2—1>12345

. Ie

5 X2 123&it -5-4-3-2-1 34 45 T4z | 12345 °

L

aha&_

T R P
L

= oo ol o
LS

o
PR
(0]

—

b e
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6. Select all of the following graphs which represgat a function oxk.

g2 o
w o oo
\ L

y
54 »
4 L
3t I
2 r
54 N2 | 2345 ° Saa2f1 12345 ° -5-4-3-2-1“;%’:‘1
-24 24 |
-3
44
5
5
4
3
2
1

LR )

54321 | 1 345 5 4 3 2 1 ié\i{é:” 541332112323 4 I

[ A

Sob b b

7. Select all of the following tables which represgias a function ox.

a. [x[5]10]15] b. [x][5]10[15] c. [x[5[10]10
y|3|8 |14 y|3|/8 |8 y|3|8 |14

8. Select all of the following tables which represgiat a function oxk.
a. |[x|2]6 |13 b. |[x|2]6 |6 C. [x|2]6 |13

y|[3]10]10 y|3]10]14 y|[3]10]14
9. Select all of the following tables which represgiat a function oxk.
a. | x|y b. [x |y c. |[x |y d | x |y
0|-2 -1 -4 0 |-5 -1 -4
31 2 |3 3 |1 1 ]2
416 5 |4 3 |4 4 |2
8|9 8 |7 9 |8 9 |7
31 1211 16|13 12113

10. Select all of the following tables which represgas a function oxk.

a. | x |y b. |x |y cC. [xX |y d |x |y
-4 -2 -5 -3 -1|-3 -1-5
3 |2 2 |1 12 3 |1
6 |4 2 |4 5 |4 5 |1
9 |7 719 9 18 8 |7
12116 11]10 12 14112
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11. Select all of the following tables which represgas a function ok and are oneto-

one.
a. [ x|3|8]12 b. |x|3|8]|12 C. [x/3]/8]|8
yla|7\7 y|4|7]13 y|4|7]13
12. Select all of the following tables which represgas a function ok and are oneto-
one.
a. |[x|2/8]8 b. |x|2|8]|14 C. [x|2|8]|14
y|5[6]13 y|5|6|6 y|5]6]13
13. Select all of the following graphs which areeto-one functions
0 )
' z ' ‘__—\ ' £
5 -4 -WI‘I 12 3 45 “-—T 3 5 A 5 3 4 5 ° 5 -4 -3 -2 '1} 12345
a. E b. 5 C. N
6432\/234‘53: -5-4-3-2-1'1/2345$ RN 12345 °
3 4 3 N
d. * e. N f. s

123435 °

5 4 -3 -2 -1

+ T
5 4 K}/l 2 3 45 ERIEIETA -
) -2 -2
-3 =37 -3
4 -4 4
a -5 b -5 c 5
y
5 5 5
4 4 4
3 \.: 3
2 2 2
1 1
T T . T T T =T z
R EENE 3 45 -5-4-.1-2-171 15\&5‘ ’54—3—-2--1.} 1 2 3 4 5
2 2 2
3 -3 3
-4 4 4
d N e s N
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Given each functionf (x) graphed, ealuate f (1) and f (3)

y

12 3 4

17.Given the functiong(x) graphed here,

a.

)
3

Evaluateg(2)
b. Solveg(x)=2

7.

61
577
4..

Y

4,,
3__
AV
1
:/ — =z
'1/1 1 2W4 5
16. -2+

18. Given the functionf (x) graphed here.
a. Evaluatef (4)
b. Solve f(x)=4

1t \‘
54520 |12 448°
i IS SR I I T I
19.Based orthe table below,
a.Evaluate f (3) b. Solve f(x)=1
X 0|1 2|3 |4 |5/6 |7 |8 |9
f(x)|74)128|1|53|56|3|36|45| 14|47
20.Based on the table below,
a.Evaluate f (8) b. Solve f (x)=7
X 0 (1/2|3 |4 |5 1|6 |7 |89
f(x) |62|8|7|38|86|73|70|39|75|34
For each of the following functions, evaluaté:(- 2), f(-1), f(0), f(1), and f(2)
21. f(x)=4 -2x 22. f(x)=8 -3x
23. f(x)=8x -7x 1 24. f (x)=6X -7x 4
25. f(x)= % 2x 26. f (x)=5x" ¢
27. f(x)=3 «/x 3 28. f(x)=4 x 2
29. f(x)=(x 2)(x 3 30. f(x)=(x €)(x 2’
X-3 X- 2
f === f ===
31. f(x) -~ 32. f(x) "
33. f(x)=2" 34. f(x) =3
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35.Supposef (x) =x* 8x 4. Compute théollowing:
a. f(-1) +#(Q) b. f(-1) -f(Q)

36.Supposef (x) =¥ +x 3. Compute the following:
a. f(-2) +# 4 b. 1(-2) -f(4)

37. Let f(t)=3t 6

a. Evaluatef (0) b. Solve f (t)=0

38.Let g(p)=6 -2p

a. Evaluateg(0) b. Solveg( p) =0

39. Match each function name with its equation.

a y=x i.  Cube root
b. y=x i.  Reciprocal
c. y=4%x li.  Linear
1 iv.  Square Root
d y== v. Absolute Value
X vi.  Quadratic
e. y=x vii.  Reciprocal Squared
f. y=Jx viii.  Cubic
9. y=[X
1
h. y= F

40. Match each graph with its equation.

11111111

Vi.

54821
-1

Vil.

T23 45 "

7777777777

viii.

IEEEENERERN] ‘

111111

T23 45 °



Section 1.1 Functions and Function Notation 1€

41.Match each table with its equation.

a.y=x i. (iInJout| i [In]out] i [In]out
b. y=x 2|-05 2|2 2]-8
c. y=+x 1] 1] 11
d_y:]_/)( 0 _ 0 0 0 0
e.y=| x| 111 11 1|1
fy=x 2 105 2 |2 2 |8
’ 3 |0.33 3 |3 3 |27
Iv. | In | Out V. | In | Out vi. | In | Out

214 2| 2|2

101 1| 1)1

010 0|0 0|0

1|1 11 1|1

2 |4 4 |2 2 |2

319 9 |3 3 |3

42.Match each equation with its table

= gg:(()jlﬁteICValue i. [inJout| i [in]out] ii. [in]Out
c. Square Root -2 1-0.5 2 | -2 -2 | -8
d. Linear 11-1 1]-1 1 -1
e. Cubic 0 |_ 010 010
f. Reciprocal 11 11 11
2 105 2 |2 2 |8

3 |0.33 3 |3 3 |27
Iv. | In | Out V.| In | Out vi. | In | Out

24 2| 212

1)1 5NN 101

0 |0 0|0 0|0

11 11 11

2 |4 4 |2 2 |2

319 9 |3 3|3

43. Write the equation of the circle centered(@t,- 9 ) with radius 6.

44. Write the equation of the circle centered(@t,- 8 ) with radius 11.

45. Sketch a reasonable graph for each of the following functihsa/]

a.
b.
C.

Height of a person depending on age.

Height of the top of yourd®d as you jump on a pogo stick for 5 seconds.

The amount of postage you must put on a first class letter, depending on the
weight of the letter.
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46.Sketch a reasonable graph for each of the following functiguhia/]
a. Distance of your big toe from the ground as you ride your bike for 10 seconds.
b. Your height above the water level in a swimming pool after you dive off the high
board.
c. The percentage of dates and names youoll r

on the time you study. X

L__fx)

y
47.Using the grapishown, E__/./
a. Evaluate f (c) /
a
b. Solve f (x)=p i 2 .

|
-~ !

c. Supposef (b)=z. Find f(2)
d. What are the coordinates of poihtandK? K p-

48.Dave leaves his office in Padelford Hall on his way to teach in Gould HallwBet®
several different scenarios. In each case, sketch a plausible (reasonable) graph of the
functions=d(t) whi ch keeps t rsfronkPadeffordBPlalhatdidies di st ance
Take distance units to be Afeetv@dangatihme un
to Goud Hall is long a straight linevhich is 2400 feet long[UW]

gould

padelford
s —

a. Dave leaves Padelford Hall and walks at a constant spend until he reaches Gould
Hall 10 minutes later.

b. Dave leaves Padelford Hall and walks at a constant spdaakiest him 6 minutes
to reach the halivay point. Then he gets confused and stops for 1 minute. He
then continues on to Gould Hall at the same constant speed he had when he
originally left Padelford Hall.

c. Dave leaves Padelford Hall and walks at a consjged. It takes him 6 minutes
to reach the halivay point. Then he gets confused and stops for 1 minute to
figure out where he is. Dave then continues on to Gould Hall at twice the constant
speed he had when he originally left Padelford Hall.
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d. Dave leave Padelford Hall and walks at a constant speed. It takes him 6 minutes
to reach the halivay point. Then he gets confused and stops for 1 minute to
figure out where he is. Dave is totally lost, so he simply heads back to his office,
walking the same corestt speed he had when he originally left Padelford Hall.

e. Dave leaves Padelford heading for Gould Hall at the same instant Angela leaves
Gould Hall heading for Padelford Hall. Both walk at a constant speed, but Angela
walks twice as fast as Dave. Indicate pl ot of Adi stance from
Ati meo for the both Angela and Dave.

f. Suppose you want to sketch the graph of a new function s = g(t) that keeps track
of Daveds distance s from Gould Hall at

(a)-(e)?
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Section 1.2 Domain and Range

One of our main goals in mathematics is to model the real world with mathematical

functions. In doing so, it is important to keep in mind the limitations of those models we

create.

This table shows a relationship between circumference and lo¢igtreeas itgrows.

Circumferencec

1.7

2.5

5.5

8.2 |13.7

Height,h

24.5

31

45.2

54.6 [92.1

While there is a strong relationship between the two, it would certainly be ridiculous to
talk about a tree with a circumference-8ffeet, or a height 8000 feet. When we

identify limitations on the inputs and outputs of a function, we are determining the

domain and range of the function.

Domain and Range

Domain: The set of possible input values to a function
Range The set bpossible output values of a function

Example 1

Using the tree table above, determine a reasonable domain and range.

Similarly

O<h @37%eet.

for

values for the input circumference i
> 0. We could make an educated guess at a maximum reasonable value, or look up that
the maximum circumference measured is about 118 f&¥ith thisinformation,we
would say a reasonable domairQis c @ 1Cfeet.

t he

t

doesnot

range,

! http://en.wikipedia.org/wiki/Treeretrieved July 19, 2010

t

We could combine the data provided with our own experiences and reason to
approximate the domain and range of the fundtienf(c). For the domain, possible

make semrcse to

doesnot

ma k e

maximum height of a tree could be looked up to be 379 feet, so a reasonable range is

hav

Sens


http://en.wikipedia.org/wiki/Tree

Letters

Weight not Over

Price

1 ounce

$0.50

2 ounces

$0.71

3 ounces

$0.92

3.5 ounces

$1.13

Since

| ogi call

$1.13

Try it Now

y i

acceptabl e
the domain would b&@<w @3.5. Technically 0 could be included in the domain, but

t

woul d
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Example 2

When sending a letter through the United &d&ostal Service, the price depends upon
the weight of the lettéras shown in the table below. Determine the domain and range.

wei ght s

me an

are 3.

we

ar e

5 ounces

ma i

Suppose we notate Weight twand Price by, and set up a function namBdwhere
Price,pis a function of Weightw. p = P(w).

ng

Since possible prices are from a limited set of values, we can only define the range of
this function by listiig the possible values. The range s $050, $071, $092, or

1. The population of a small town in the year 1960 was 100 people. Since then the

population has grown to 1400 people reported during the 2010 census. Choose

descriptive variables for your input and output and use interval notation to write the
domain and range.

Notation

In the previous examples, we used inequalities to describe the domain and range of the

functions. This is one way to describe intervalgpfit and output values, but is not the
only way. Let us take a moment to discuss notation for domain and range.

Using inequalities, such d&<c @63 0<w @.5, andO<h @379imply that we are

interested in all values between the low and high values, including the high values in

these examples.

However, occasionally we are interested in a specific list of numbers like the range for

the price to send lettergp = $0.44, $0.6,1$0.78, or $0.95. These numbers represent a set
of specific values: {0.44, 0.61, 0.78, 0.95}

2https://pe.usps.com/text/dmm300/Notice123 hietrieved August 6, 2018

or

not


https://pe.usps.com/text/dmm300/Notice123.htm
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Representing values as a set, or giving instructions on how a set is built, leads us to
another type of notation to describe the domain and range.

Suppose we ant to describe the values for a variabtaat are 10 or greater, but less
than 30. In inequalities, we would wril®¢ x <30.

When describing domains and ranges, we sometimes extend trgstibtolder
notation, which would look like this{x|10¢ x <3Q. The curly brackets {} are read as

Athe set ofo, and the vertical bar | i1 s read
{x|10¢ x 84 as it hxealussestich thatt 10 is less than or equalandx is less

than 30. 0

When describing rages in sebuilder notation, we could similarly write something like
{f(x]0< f(x) €0Q, orif the output had its own variable, we could use it. So for our

tree height example above, we could write for the rdird@< h ¢379 . In setbuilder
notation, if a domain or range is not limited, we could wfitgt is a real numbgi, or
{titi R ,  r ead a svalies duch thatie an elenfent of the set of real numbers.

A more compact alternative to datilder notation isnterval notation, in which
intervals of values are referred to by the starting and ending values. Curved parentheses

are used for Astrictly |l ess than, 0 and square
Since infinityisnoem number, we candét include it in the
parent hese®. wi Thebt abde bel ow wil |l hel p you s

correspond to sdiuilder notation and interval notation:

Inequality Set Builder Notation Interval notati on
5<h @O0 {h|5<h ag (5, 10]

5¢h <40 {h15¢h <g [5, 10)

5<h 40 {h|5<h <4 (5, 10)

h<10 {hlh<1d (- 910)

h2 10 {hlhz 1g [10,2)

all real numbers {nh|ni R (-9 ¥

To combine two intervals together, using inequalities cbaétler notation we can use
t he wor dntefva motation, wd use the unispmbol, C, to combine two
unconnected intervals together.
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Example 3

Describe the intervals of values shown on the line graph below using set builder and
interval rotations.

& . 4 t . ; -
! 3 4 5 6 7

To describethevalues, t hat l ie in the int exisvaaehls s how

number greater than or equal to 1 and less than or equal to 3, or a real number greater
than 5.0

As an inequality itis1¢ x @3orx 5
In set builder notationfx|1¢ x ¢3orx §
In interval notation:[1,3]C (5, =)

Remember when writing or reading interval notation:
Using a square bracket [ means the start value is included in the set
Using a parenthesis ( means the start value is not included in the set

Try it Now
2. Given the following intervalvrite its meaning in words, set builder notatiand
interval notation.

-t t . 4 &
54 3 2

Domain and Range from Graphs

We can also talk about daim and range based on graphs. Since domain refers to the set
of possible input values, the domain of a graph consists of all the input values shown on
the graph. Remember that input values are almost always shown along the horizontal
axis of the graphLikewise, since range is the set of possible output values, the range of
a graph we can see from the possible values along the vertical axis of the graph.

Be careful’ if the graph continues beyond the window on which we can see the graph,
the domain ad range might be larger than the values we can see.
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Example 4
Determine the domain and range of the graph below.

Alaska Crude Oil Production
(thousand barrels per day)

2,200 -
2,000 |

1,800 - fj/\

1,600 | ‘-\

1,400 |

1,200 -

1,000 - e
800 - \

600
400

Data from US Energy Information
200 Administration

1975 1980 1985 1990 1995 2000 2005

Inthe graphabo¥e t he i nput quantity along the horizo
which we could notate with the varialje The output i s fAthousands
dayo, which we mi ghhl forrbarrela fThe graph tvduld likélye v ar i abl e
continue to the left and right beyond what is shown plased on the portion of the

graph that is shown to us, we can determine the doma®iist y ¢200¢, and the

range is approximateh80¢ b ¢201(.

In interval notation, the domaimould be [1975, 2008] and the range would be about
[180, 2010]. For the range, we have to approximate the smallest and largest outputs
since they dondét fal/l exactly on the grid I|ir

Remembethat, as in the previous exampteandy are not always #hinputandoutput
variables. Using descriptive variables is an important tool to remembering the context of
the problem

3 http://commons.wikimedia.org/wiki/File:Alaska_Crude_Qil_Production.PEGBY-SA, July 19, 2010



http://commons.wikimedia.org/wiki/File:Alaska_Crude_Oil_Production.PNG
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Try it Now
3. Given the graph below write the domain and range in interval notation

World Population Increase

B0 [vv
NN,

population increase (millions)

1950 1960 1970 1980 1990 2000
year

source: LS. Bureau of the Census, International Data Base (via GeoHive)

Domains and Ranges of th&oolkit functions
We will now return to our set of toolkit functions to note the domain and range of each.

Constant Functianf (x) =c

The domain here is not restricted;an be anything. When this is the case we say the
domain is all real numbers. The outputs are limited to the constant value of the function.
Domain:(- g ¥»

Range: §]

Snce there is only one outpudlue, we list it by itself in square brackets.

Identity Function f (x) = x
Domain: (- g &
Range:(- g ¥

Quadratic Function f (x) = X

Domain:(- g ¥»

Range:[0,r)

Multiplying a negative or positive number by itssdhonly yielda positive oitput

Cubic Function f (x) = X
Domain:(- g ¥
Range:(- g ¥



http://upload.wikimedia.org/wikipedia/commons/9/95/World_population_increase_history.png
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Reciprocal f(x)=%
Domain: (- g0) @0, )

Range:(- g0) @O, Y
We cannot divide by €0 we must exclude 0 from the domain.
One divide by any value can never be 0, so the range will not include O.

1
x2

Reciprocakquared f (x) =

Domain: (- g0) @0, )
Range:(0,=)
We cannot divide by €0 we must exclude 0 from the domain.

Cube Roat f (x) = ¥x
Domain: (- g &
Range:(- g ¥

Square Root f (x) = &/x, commonly just written asf (X) =/

Domain:[0,a)

Range:[0,=)

When dealing with the set of real numbers we cannot take the square root of a negative
numberso the domain is limited to O or greater.

Absolute Value Functianf (x) =|X

Domain: (- g ¥»

Range:[0,r)

Sinceabsolute value is defined as a distance from 0, the output can only be greater than
or equal b 0.

Example5

Find the domain of each function: &}Jx) =2vx+4 b) g(x) = 6—33x

a) Since we cannot take the square root of a negative number, we need the inside of the
square root to be nemegative.

X+42 0 whenx? -4,

The domain of(x) is [- 4,2).

b) We cannot divide by zero, so we need the denominator to beenon
6- 3x=0 whenx = 2, so we must exclude 2 from the domain.
The domairof g(x)is (- 82)C (2,2).
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Piecewise Functions

In the toolkit functions we introduced the absolute value funcfi¢x) =|x.

With a domain of all real numbers and a range of values greater than or equal to 0, the
absolute value can be defined as the magnitude or modulus of a numblenuanitser

value regardless of sign, the size of the number, or the distance from 0 on the number
line. All of these definitions require the output to be greater than or equal to O.

If we input O, or a positive value the output is unchanged
f(x)=x if x20

If we input a negative value the sign must change from negative to positive.
f(x)= x if x<0, since multiplying a negative value by makes it positive.

Since thigequires two different processes or pieces, the absolute value function is often
called the most basic piecewise defined function.

Piecewise Function

A piecewise functionis a function in whichhe formula used depends upon the
domain the input lies in. We notate this idea like:

eéformulal if domain to use formule
f(x)= : formula2 if domain to use formula
tformula3 if domain to use formuls

Example6

A museum charges $5 per person for a guided tour with a group of 1 to 9 people, or a
fixed $50 fee for 10 or more people in the gro@et up a function relating the number
of peoplen, to the costC.

To set up this functionwio different formulas would be neede@.= 5n would work
for nvalues under 10, ard= 50 would work for values aften or greater. Notating
this:

gbn if 0O<n <0
Cm=i__ .

{50 if nz 10
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Example7

A cell phone company uses the function below to determine theG;astdollars forg
gigabytes of data transfer.

é 25 if O<g <
C(9) =i 25 .

{ 25+10@ -2) if g 2
Find the cost of using 1.5 gigabytes ofajaand the cost of using 4 gigabytes of data.
To find the cost of using 1.5 gigabytes of d&i€l.5), we first look to see which piece

of domain our input falls in. Since 1.5 is less than 2, we use the first formula, giving
C(1.5) = $25.

The find thecost of using 4 gigabytes of da@(4), we see that our input of 4 is greater
than 2, so weodol |l C@Up=25+10@)sdxond for mul a.

e x® if X¢1
Sketch a graph of the functioh(x) =1 3 if 1<x¢?2
?6- x if X>2

The first twocomponent functions are from our library of Toolkit functiosmwe

know their shapes. We can imagine graphing each function, then limiting the graph to
the indicated domain. At the endpoints of the domain, we put open circles to indicate
where the engbint is not included, due to a stricllgssthan inequality, and a closed
circle where the endpoint is included, due to a-thagsor-equatto inequality.

Y Y
A A

= b W e Ot
- B Qo e O
| h | | ]
} } } }

S EEER N EENEEE R
L I+
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At x=2,1f(2) = 61 2 =4. We place an open circle here.

At x=3,f(3) = 61 3 =3. Connect these points with a line. 3 2 -l | 123 4

For the third function, you should recognize this as a linear y
equation from your @vious coursework. If you remember hov
to graph a line using slope and intercept, you can do that.
Otherwise, we could calculate a couple values, plot points, ar
connect them with a line.

= NN W e Wt
| ! I | |
T t T 1

Now that we have each piece individually, we combine them
onto the same graph:

Try it Now

4. At Pierce College during the 20@910 schoolear tuition rates foin-state residents
were$89.50 per credit for the first 10 credits, $33 per creditredits 1118, and for
over 18 credits the rate is $73 per credivrite a piecewise defined function for the
total tuition, T, at Pierce Collgeduring20032010 as a fuction of the number of
credits takeng. Be sure to@nsiderareasonable domasndrange.

Important Topics of this Section

Definition of domain

Definition of range

Inequalities

Interval notation

Set builder notation

Domainand Range from graphs
Domain and Range of toolkit functions
Piecewise defined functions

4 https://www.pierce.ctc.edu/dist/tuition/ref/files/0910_tuition rate.petrieved August 6, 2010



https://www.pierce.ctc.edu/dist/tuition/ref/files/0910_tuition_rate.pdf
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Try it Now Answers
1. Domain;y = years [1960,2010] ; Range= population, [100,1400]

2. a. Values that are less than or equaRtoor values that amgreater than or equal tt
and less than 3

b.{x|x¢ 20or t x¢ 3
c.(- g 2] [GL3)

3. Domainjy=years, [1952,2002] ; Rangespopulation in millions, [40,88]

e 89.5¢ if c¢10

4.T(c) ={ 895+33(c- 10) if 10<c¢18 Tuition, T, as a function of credits,
11150+ 73c-18) if c>18
Reasonable domain should be whole numbers 0 to (answers may vary), Z3y.
Reasonable range should beif@nswers may vary), e.{0,1524]
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Section 1.2 Exercises

Write the domairand rangef the function using interval notation.
y

e - I 7 - T -
+—t—

6 -5 -4 -3 -2 -1 12 3 4 °

1. 2T 2.

Write the domairand rangef eachgraph as an inequality.
P

g
A A

10} w0}
81 8l
61 \ 61
at 4
2 21
3. 5 4 6 8 10 ' 4. 2z 4 6 & 10 "

Suppose that you are holding your toy submarine under the watereMase it and it
begins to ascend. The graph models the depth of the submarine as a function of time
stopping once the sub surfacé¥hat is the domain and range of the function in the
graph?

[

1 1 1 U 1
® 9 & &k e oM
L

d (depth)
























































































































































































