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Section 5: Chain Rule

There is one more type of complicated function that we will want to know how to differentiate:
composition. The Chain Rule will let us find the derivative of a composition. (This is the last
derivative rule we will learn!)

Example 1
Find the derivative of y = (4x3 + 15)6)2 .

This is not a simple polynomial, so we can’t use the basic building block rules yet. Itis a

product, so we could write it as y = (4x3 + 15)()2 = (4x3 + 15xX4x3 + 15x) and use the product

rule. Or we could multiply it out and simply differentiate the resulting polynomial. I’ll do it the
second way:

y=(4x® +15x) =16x° +120x* + 225x>
'=64x> +480x° + 450x

Now suppose we want to find the derivative of y = (4x3 + 15x)20. We could write it as a product with
20 factors and use the product rule, or we could multiply it out. But I don’t want to do that, do you?

We need an easier way, a rule that will handle a composition like this. The Chain Rule is a little
complicated, but it saves us the much more complicated algebra of multiplying something like this out.
It will also handle compositions where it wouldn’t be possible to “multiply it out.”

The Chain Rule is the most common place for students to make mistakes. Part of the reason is that the
notation takes a little getting used to. And part of the reason is that students often forget to use it when
they should. When should you use the Chain Rule? Almost every time you take a derivative.

This chapter is (c) 2013. It was remixed by David Lippman from Shana Calaway's remix of Contemporary Calculus
by Dale Hoffman. It is licensed under the Creative Commons Attribution license.
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Derivative Rules: Chain Rule
In what follows, £ and g are differentiable functions with y = 7(x) and u = g(x)

(h) Chain Rule (Leibniz notation):
dv_dv du
dx du dx
Notice that the du’s seem to cancel. This is one advantage of the Leibniz notation; it can

remind you of how the chain rule chains together.

(h) Chain Rule (using prime notation):

[x)=1"w) g'(x)=r"(gx) g'(x)

(h) Chain Rule (in words):
The derivative of a composition is the derivative of the outside, with the inside staying the
same, TIMES the derivative of what’s inside.

I recite the version in words each time I take a derivative, especially if the function is complicated.

Example 2

Find the derivative of y = (4)(3 + 15)c)2 .

This is the same one we did before by multiplying out. This time, let’s use the Chain Rule: The

inside function is what appears inside the parentheses: 4x° +15x . The outside function is the
first thing we find as we come in from the outside — it’s the square function, (inside)?.

The derivative of this outside function is (2*inside). Now using the chain rule, the derivative of
our original function is:

(2*inside) TIMES the derivative of what’s inside (which is 12x* +15):
y= (4)63 + IS)C)2
y'=2(4x" +15x)-(12x> +15)

If you multiply this out, you get the same answer we got before. Hurray! Algebra works!

Example 3

Find the derivative of y = (4x3 + 15x)20

Now we have a way to handle this one. It’s the derivative of the outside TIMES the derivative
of what’s inside.
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\ The outside function is (inside)*’, which has the derivative 20(inside)".

y= (4x3 + 15x)20
y'=20(4x* +15x)" - (12> +15)

Example 4

. . X245
Differentiate e .

This isn’t a simple exponential function; it’s a composition. Typical calculator or computer
syntax can help you see what the “inside” function is here. On a TI calculator, for example,

when you push the e” key, it opens up parentheses: This tells you that the “inside” of the

exponential function is the exponent. Here, the inside is the exponentx” + 5. Now we can use
the Chain Rule: We want the derivative of the outside TIMES the derivative of what’s inside.
The outside is the “e to the something” function, so its derivative is the same thing. The
derivative of what’s inside is 2x. So

i(exhs ): (ex2+5 ) (Zx)

dx

Example 5

The table gives values for f,f', g and g' at a number of points. Use these values to
determine ( fog )(x) and (fog)'(x) at x=-1 and O.

X fx) g(x) f(x) g (feg)(x) | (gof)(x)
-1 2 3 1 0
0 -1 1 3 2
1 1 0 -1 3
2 3 -1 0 1
3 0 2 2 -1

(fog)(=1) = f(g(-1)) = f(3) =0

(fog)(0) = f(g(0)) = f(1) = 1.

(fog)'-1) = f'(g(=1))g'(-1) = £'(3)(0) = (2)(0) =0 and
(fog)'(0) = £'(g(0))g'(0) = £'(1)(2) = -D2) =-2.
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Example 6

If 2400 people now have a disease, and the number of people with the disease appears to double
every 3 years, then the number of people expected to have the disease in 7 years is y = 2400-2""

(a) How many people are expected to have the disease in 2 years?

(b) When are 50,000 people expected to have the disease?

(c) How fast is the number of people with the disease expected to grow now and 2 years from
now?

a) In 2 years, y= . ~3, people.
In2 2400 - 223 = 3,810 ]

(b) We know y = 50,000, and we need to solve 50,000 = 2400 - 213 for t. We could start by
isolating the exponential by dividing both sides by 2400,

50000 ;5 ' ' '
=2 Taking the logarithm of both sides,
2400
50000
In ( 2400 j ln(2”3) Using the exponent property for logs,
50000 ) ¢
In ( 2400 j gln(2) Solving for ¢,
()
f=————>~13.14
In(2) years

We expect 50,000 people to have the disease about 13.14 years from now.

(c) This is asking for dy/dt when ¢t =0 and 2 years. Using the chain rule,

@ _ d(2400 2")=2400-2" 1n(2)-1z554.5~2"3
dt  dt 3

Now, at 7 = 0, the rate of growth of the disease is approximately 554.5-2° =~ 554.5 people/year.

In 2 years the rate of growth will be approximately 554.5 - 2% ~ 880 people/year.

Derivatives of Complicated Functions

You’re now ready to take the derivative of some mighty complicated functions. But how do you
tell what rule applies first? Come in from the outside — what do you encounter first? That’s the
first rule you need. Use the Product, Quotient, and Chain Rules to peel off the layers, one at a
time, until you’re all the way inside.
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Example 7

Fmdéé@“~m6x+7»

Coming in from the outside, I see that this is a product of two (complicated) functions. So I’ll
need the Product Rule first. I’ll fill in the pieces I know, and then I can figure the rest as
separate steps and substitute in at the end:

(e e )= e inGsr+ )+ (] 4 s+ 7)

X X X

Now as separate steps, I’ll find
di (e“ ) =3¢’ (using the Chain Rule) and
X

4 (In(5x +7)) = -5 (also using the Chain Rule).

dx Sx+

Finally, to substitute these in their places:

%(63;; ) ln(5x + 7)): (3e3x Xln(Sx + 7))+ (63x( 1 Sj

5x+7

(And please don’t try to simplify that!)

Example 8

3 )
Differentiate z =| ———
e'(t-1)

Don’t panic! As you come in from the outside, what’s the first thing you encounter? It’s that
4t power. That tells you that this is a composition, a (complicated) function raised to the 4t
power.

Step One: Use the Chain Rule. The derivative of the outside TIMES the derivative of what’s
inside.

Z_di(?n] 4(? 1)]3 di(f 1)]
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. : d( 3¢
Now we’re one step inside, and we can concentrate on just the z(ﬂj part. Now, as you
t\e\t—

come in from the outside, the first thing you encounter is a quotient — this is the quotient of two
(complicated) functions.

Step Two: Use the Quotient Rule. The derivative of the numerator is straightforward, so we
can just calculate it. The derivative of the denominator is a bit trickier, so we'll leave it for now.

o (9tz)(ef<t_1))_(3zs(jt(a(t_l))j
ZKet(f—l)): (' (-1

o . d
Now we’ve gone one more step inside, and we can concentrate on just the —(et (t - 1)) part.

Now we have a product.

Step Three: Use the Product Rule:

d

Lt Ne- 0+

And now we’re all the way in — no more derivatives to take.

Step Four: Now it’s just a question of substituting back — be careful now!

%(e’ (t— 1)): (et Xt ~1)+ (e’ Xl), SO

i( 3¢ ]z(9t2)(ef(t—1))—(3t3)((ef)(t—1)+(ef)(l)) "
dte'(t~1) (' (-1 ’

d_d 3% ' 3% ) (9l2Xe’(t—1))—(3t3X(e’Xt—1)+(e’X1))J
dt df[e‘(l—l)J 4(@(—1)} [ (-1 '

Phew!
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What if the Derivative Doesn’t Exist?
A function is called differentiable at a point if its derivative exists at that point.

We’ve been acting as if derivatives exist everywhere for every function. This is true for most of
the functions that you will run into in this class. But there are some common places where the

derivative doesn’t exist.

Remember that the derivative is the slope of the tangent line to the curve. That’s what to think
about.

Where can a slope not exist? If the tangent line is vertical, the derivative will not exist.

Example 9

Show that f(x) = x =x"* is not differentiable at x = 0.

1
Finding the derivative, f(x)= 3 xP = EYELR
X

graph, we can see that the tangent line to this curve at x = 0 is vertical with undefined slope,
which is why the derivative does not exist at x = 0.
y

, L y=v;=x1/3

At x =0, this function is undefined. From the

Where can a tangent line not exist? If there is a sharp corner (cusp) in the graph, the derivative
will not exist at that point because there is no well-defined tangent line (a teetering tangent, if you
will). If there is a jump in the graph, the tangent line will be different on either side and the
derivative can’t exist.

Example 10

Show that f(x)=|x| is not differentiable at x = 0. 3} y=|x|=ABS(x)

On the left side of the graph, the slope of the line is -1. On the
right side of the graph, the slope is +1. There is no well-
defined tangent line at the sharp corner at x = 0, so the function
is not differentiable at that point.
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2.5 Exercises

1. The graph of y = f(x) is shown.
(a) At which integers is f continuous? ‘ | |
(b) At which integers is f differentiable? -1 0 1 2 3 4 5

2. The graph of y = g(x) is shown.
(a) At which integers is g continuous?
(b) At which integers is g differentiable?

il 1 Il
T T I

-2 -1 0 2 3 4
Problems 3 and 4 refer to the values given in this table:

X fx) | g f'(x) g'x) | (feg)x) | (fog) (x)
-2 2 -1 1 1
-1 1 0 2

0 -2 1 2 -1

1 — -1 2

2 1 0 1 -1

3. Use the table of values to determine ( fog )(x) and (fog)' (x) at x=1 and 2.
4. Use the table of values to determine ( fog )(x) and (fog)' (x) at x=-2,—1 and O.

5. Use the graphs to estimate the values of g(x),
g '(x), (fog)(x), £'(g(x) ), and (fog) '(x) at

x =1. 2o ON_

e ——_—q ===

6. Use the graphs to estimate the values of g(x),

[
E
1

g '(x), (feg)(x), f'(g(x) ), and (fog) '(x) for
X =2.

In problems 7 — 12, find the derivative of each function.

8. f(x)=(6x—x>)'"

11 fx) = \[x2+ 6x — 1 12. f(x) = (;;35)4

13. If f is a differentiable function,
(a) how are the graphs of y=1(x) and y={(x)+k related?
(b) how are the derivatives of f(x) and f(x) +k related?

7. f(x)=(2x-8)° 9. f(x)=x3x+7)

10. f(x) = (2x + 3)%(x — 2)*
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