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This chapter was remixed from Precalculus: An Investigation of Functions, (c) 2013 David Lippman and Melonie 

Rasmussen.  It is licensed under the Creative Commons Attribution license. 

Section 8: Logarithmic Functions 
 

Logarithms are the inverse of exponential functions -- they allow us to undo exponential 

functions and solve for the exponent.  They are also commonly used to express quantities that 

vary widely in size. 

 

Logarithm Equivalent to an Exponential 

The logarithm (base b) function, written  xblog , is the inverse of the exponential 

function (base b), 
xb . 

 

This means the statement cba   is equivalent to the statement acb )(log . 

 

 

Properties of Logs: Inverse Properties 

  xb x

b log    

xb
xb 

log
 

 

 

Example 1 

Write these exponential equations as logarithmic equations: 

a) 823      b) 2552     c) 
10000

1
10 4 

 

 

a) 823    is equivalent to 3)8(log 2   

 

b) 2552    is equivalent to 2)25(log 5   

c) 
4 1

10
10000

   is equivalent to 
10

1
log 4

10000

 
  

 
 

 

 

Example 2 

Solve 102 x
 for x. 

 

By rewriting this expression as a logarithm, we get )10(log 2x  

 

 

While this does define a solution, and an exact solution at that, you may find it somewhat 

unsatisfying since it is difficult to compare this expression to the decimal estimate we made 

earlier.  Also, giving an exact expression for a solution is not always useful – often we really 

need a decimal approximation to the solution.  Luckily, this is a task calculators and computers 

are quite adept at.  Unluckily for us, most calculators and computers will only evaluate 

logarithms of two bases.  Happily, this ends up not being a problem, as we’ll see briefly. 
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Common and Natural Logarithms 

The common log is the logarithm with base 10, and is typically written )log( x . 

The natural log is the logarithm with base e, and is typically written )ln( x . 

 

 

Example 3 

Evaluate )1000log(  using the definition of the 

common log. 

 

To evaluate )1000log( , we can say )1000log(x , 

then rewrite into exponential form using the 

common log base of 10. 

100010 x
 

From this, we might recognize that 1000 is the cube 

of 10, so x = 3. 

We also can use the inverse property of logs to write 

  310log 3

10   

 

 

Example 4 

Evaluate log(500) using your calculator or computer. 

 

Using a computer or calculator, we can evaluate 69897.2)500log(   

 

 

Another property provides the basis for solving exponential equations. 

 

Properties of Logs: Exponent Property 

   ArA b

r

b loglog   

 

 

Solving exponential equations: 

Isolate the exponential expressions when possible 

Take the logarithm of both sides 

Utilize the exponent property for logarithms to pull the variable out of the exponent 

Use algebra to solve for the variable. 

 

 

Example 5 

In the last section, we predicted the population (in billions) of India t years after 2008 by 

using the function 
ttf )0134.01(14.1)(  .  If the population continues following this trend, 

when will the population reach 2 billion? 

 

Values of the common log 

number number as 

exponential 

log(number) 

1000 10
3
 3 

100 10
2
 2 

10 10
1
 1 

1 10
0
 0 

0.1 10
-1

 -1 

0.01 10
-2

 -2 

0.001 10
-3

 -3 
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We need to solve for the t so that f(t) = 2 

 
t)0134.1(14.12    Divide by 1.14 to isolate the exponential expression 

t0134.1
14.1

2
   Take the logarithm of both sides of the equation 

 t0134.1ln
14.1

2
ln 








 Apply the exponent property on the right side 

 0134.1ln
14.1

2
ln t








 Divide both sides by ln(1.0134) 

 
23.42

0134.1ln

14.1

2
ln












t  years 

 

If this growth rate continues, the model predicts the population of India will reach 2 billion 

about 42 years after 2008, or approximately in the year 2050. 

 

 

Example 6 

Solve 25 3.0  te  for t. 

 

First we divide by 5 to isolate the logarithm 

5

23.0  te  

 

Since this equation involves e, it makes sense to use the natural log: 

  









5

2
lnln 3.0 te   Utilizing the inverse property for logs, 











5

2
ln3.0 t   Now dividing by -0.3, 

054.3
3.0

5

2
ln













t  

 

 

In addition to solving exponential equations, logarithmic expressions are common in many 

physical situations. 
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Example 7 

In chemistry, pH is a measure of the acidity or basicity of a liquid.  The pH is related to the 

concentration of hydrogen ions, [H
+
], measured in moles per liter, by the equation 

 logpH H      .   

If a liquid has concentration of 0.0001 moles per liber, determine the pH. 

Determine the hydrogen ion concentration of a liquid with pH of 7. 

 

To answer the first question, we evaluate the expression  0001.0log .  While we could use 

our calculators for this, we do not really need them here, since we can use the inverse property 

of logs: 

    4)4(10log0001.0log 4  
 

 

To answer the second question, we need to solve the equation  7 log H      .  Begin by 

isolating the logarithm on one side of the equation by multiplying both sides by -1: 

 7 log H        

  

Rewriting into exponential form yields the answer 
710 0.0000001H        moles per liter. 

 

 

While we don't often need to sketch the graph of a logarithm, it is helpful to understand the basic 

shape. 

 

Graphical Features of the Logarithm 

Graphically, in the function ( ) log ( )bg x x  

The graph has a horizontal intercept at (1, 0) 

The graph has a vertical asymptote at x = 0 

The graph is increasing and concave down 

The domain of the function is x > 0, or ),0(   

The range of the function is all real numbers, or ),(   

 

When sketching a general logarithm with base b, it can be helpful to remember that the graph 

will pass through the points (1, 0) and (b, 1). 

 

To get a feeling for how the base affects the shape of the graph, examine the graphs below. 
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Another important observation made was the domain of the logarithm: x > 0.  Like the reciprocal 

and square root functions, the logarithm has a restricted domain which must be considered when 

finding the domain of a composition involving a log. 

 

 

Example 8 

Find the domain of the function )25log()( xxf   

 

The logarithm is only defined with the input is positive, so this function will only be defined 

when 025  x .  Solving this inequality, 

2

5

52





x

x

 

 

The domain of this function is 
2

5
x , or in interval notation, 










2

5
,  

 

2log ( )x  

ln( )x  

log( )x  
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1.8 Exercises 
 

Rewrite each equation in exponential form 

1.  log v t   2.  log r s   3.  ln w n   4.  ln x y  

 

Rewrite each equation in logarithmic form.   

5. 10a b   6. 10 p v   7. 
ke h   8. 

ye x  

 

Solve each equation for the variable. 

9. 5 14x    10. 3 23x    11. 
1

7
15

x    12. 
1

3
4

x   

13. 
5 17xe     14. 

3 12xe    15. 
4 53 38x    16. 2 34 44x   

17.  1000 1.03 5000
t
    18.  200 1.06 550

t
  

19.  
3

3 1.04 8
t
      20.  

4
2 1.08 7

t
  

21. 
0.1250 10te       22. 

0.0310 4te   

23. 
1

10 8 5
2

x

 
  

 
     24. 

1
100 100 70

4

x

 
  

 
 

25. The population of Kenya was 39.8 million in 2009 and has been growing by about 2.6% each 

year.  If this trend continues, when will the population exceed 45 million? 

 

26. The population of Algeria was 34.9 million in 2009 and has been growing by about 1.5% 

each year.  If this trend continues, when will the population exceed 45 million? 

 

27. If $1000 is invested in an account earning 3% compounded monthly, how long will it take 

the account to grow in value to $1500? 

 

28. If $1000 is invested in an account earning 2% compounded quarterly, how long will it take 

the account to grow in value to $1300? 

29. Sketch a graph of:        log ,  lnf x x g x x   

 

Find the domain of each function. 

30.    log 5f x x      31.    ln 3f x x   

32.    ln 1 3f x x      33.    log 2 5f x x   
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