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Chapter 1: Review

What is a Function?

The natural world is full of relationships between quantities that change. When we see these
relationships, it is natural for us to ask “If [ know one quantity, can I then determine the other?”
This establishes the idea of an input quantity, or independent variable, and a corresponding
output quantity, or dependent variable. From this we get the notion of a functional relationship
in which the output can be determined from the input.

For some quantities, like height and age, there are certainly relationships between these
quantities. Given a specific person and any age, it is easy enough to determine their height, but
if we tried to reverse that relationship and determine height from a given age, that would be
problematic, since most people maintain the same height for many years.

Function

Function: A rule for a relationship between an input, or independent, quantity and an
output, or dependent, quantity in which each input value uniquely determines one output
value. We say “the output is a function of the input.”

In the height and age example above, is height a function of age? Is age a function of height?

In the height and age example above, it would be correct to say that height is a function of
age, since each age uniquely determines a height. For example, on my 18" birthday, Ihad
exactly one height of 69 inches.

However, age is not a function of height, since one height input might correspond with more
than one output age. For example, for an input height of 70 inches, there is more than one
output of age since I was 70 inches at the age of 20 and 21.

Function Notation

To simplify writing out expressions and equations involving functions, a simplified notation is
often used. We also use descriptive variables to help us remember the meaning of the quantities
in the problem.

Rather than write “height is a function of age”, we could use the descriptive variable 4 to
represent height and we could use the descriptive variable a to represent age.

“height is a function of age” if we name the function f we write

“hisfofa” or more simply
h =fa) we could instead name the function /4 and write
h(a) which is read “/ of a”

This chapter was remixed from Precalculus: An Investigation of Functions, (c) 2013 David Lippman and Melonie
Rasmussen. It is licensed under the Creative Commons Attribution license.
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Remember we can use any variable to name the function; the notation /(a) shows us that 4
depends on a. The value “a” must be put into the function “A” to get a result. Be careful - the
parentheses indicate that age is input into the function (Note: do not confuse these parentheses
with multiplication!).

Function Notation
The notation output = f{input) defines a function named f.
This would be read “output is f of input”

A function N = f{y) gives the number of police officers, N, in a town in year y. What does
(2005) =300 tell us?

When we read f{2005) = 300, we see the input quantity is 2005, which is a value for the input
quantity of the function, the year (y). The output value is 300, the number of police officers
(N), a value for the output quantity. Remember N=f{y). So this tells us that in the year 2005
there were 300 police officers in the town.

Tables as Functions

Functions can be represented in many ways: Words (as we did in the last few examples), tables
of values, graphs, or formulas. Represented as a table, we are presented with a list of input and
output values.

This table represents the age of children in years and their corresponding heights. While some
tables show all the information we know about a function, this particular table represents just
some of the data available for height and ages of children.

(input) a, age in years 5 5 6 7 8 9 10
(output) A, height inches 40 |42 (44 |47 |50 |52 |54

Which of these tables define a function (if any)?

Input | Output Input | Output Input | Output
2 1 -3 5 1 0
5 3 0 1 5 2
8 6 4 5 5 4

The first and second tables define functions. In both, each input corresponds to exactly one
output. The third table does not define a function since the input value of 5 corresponds with
two different output values.
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Solving and Evaluating Functions:

When we work with functions, there are two typical things we do: evaluate and solve.
Evaluating a function is what we do when we know an input, and use the function to determine
the corresponding output. Evaluating will always produce one result, since each input of a
function corresponds to exactly one output.

Solving equations involving a function is what we do when we know an output, and use the

function to determine the inputs that would produce that output. Solving a function could
produce more than one solution, since different inputs can produce the same output.

Using the table shown, where Q=g (n)

a) Evaluate g(3) L 1 2 3 4 5
0 8 6 7 6 8

Evaluating g(3) (read: “g of 3”)

means that we need to determine the output value, O, of the function g given the input value
of n=3. Looking at the table, we see the output corresponding to n=3 is O=7, allowing us to
conclude g(3)=7.

b) Solve g(n) =6

Solving g(n) = 6 means we need to determine what input values, 7, produce an output value of
6. Looking at the table we see there are two solutions: n =2 and n = 4.

When we input 2 into the function g, our outputis Q =6
When we input 4 into the function g, our output is also O = 6
Graphs as Functions
Oftentimes a graph of a relationship can be used to define a function. By convention, graphs are

typically created with the input quantity along the horizontal axis and the output quantity along
the vertical.

Which of these graphs defines a function y=f(x)?
4/\ .J<H—:,—ﬁ+1-—'—;v CD
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Looking at the three graphs above, the first two define a function y=f(x), since for each input
value along the horizontal axis there is exactly one output value corresponding, determined by
the y-value of the graph. The 3™ graph does not define a function y=f{x) since some input
values, such as x=2, correspond with more than one output value.

Vertical Line Test

The vertical line test is a handy way to think about whether a graph defines the vertical
output as a function of the horizontal input. Imagine drawing vertical lines through the
graph. If any vertical line would cross the graph more than once, then the graph does not
define only one vertical output for each horizontal input.

Evaluating a function using a graph requires taking the given input and using the graph to look
up the corresponding output. Solving a function equation using a graph requires taking the given
output and looking on the graph to determine the corresponding input.

Given the graph below,

a) Evaluate f(2)

b) Solve f{x) =4
5

5
a) To evaluate f(2), we find the input of x=2 on the horizontal axis. Moving up to the graph
gives the point (2, 1), giving an output of y=1. So f(2) =1

b) To solve f(x) = 4, we find the value 4 on the vertical axis because if f{x) = 4 then 4 is the
output. Moving horizontally across the graph gives two points with the output of 4: (-1,4) and
(3,4). These give the two solutions to f(x) =4: x=-lorx=3

This means f{-1)=4 and f{3)=4, or when the input is -1 or 3, the output is 4.

Notice that while the graph in the previous example is a function, getting two input values for the
output value of 4 shows us that this function is not one-to-one.

Formulas as Functions
When possible, it is very convenient to define relationships using formulas. If it is possible to
express the output as a formula involving the input quantity, then we can define a function.
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Express the relationship 2n + 6p = 12 as a function p = f{n) if possible.

To express the relationship in this form, we need to be able to write the relationship where p is
a function of n, which means writing it as p = [something involving n].

2n+6p=12 subtract 2n from both sides
6p=12-2n divide both sides by 6 and simplify
12-2n 12 2n 1
p= =———=2——n
6 6 6 3

Having rewritten the formula as p=, we can now express p as a function:

p=f<n>=2—§n

Not every relationship can be expressed as a function with a formula.

As with tables and graphs, it is common to evaluate and solve functions involving formulas.
Evaluating will require replacing the input variable in the formula with the value provided and
calculating. Solving will require replacing the output variable in the formula with the value
provided, and solving for the input(s) that would produce that output.

Given the function k(f) =1> +2

a) Evaluate £(2)
b) Solve k(t) = 1

a) To evaluate k(2), we plug in the input value 2 into the formula wherever we see the input
variable 7, then simplify

k(2)=2’+2
k(2)=8+2
So k(2) =10

b) To solve k(t) = 1, we set the formula for k(z) equal to 1, and solve for the input value that
will produce that output

k) =1 substitute the original formula k(f) =£* +2
£+2=1 subtract 2 from each side
£ =-1 take the cube root of each side

t=-1
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k(=) =(-1)’+2
=—-1+2

Basic Toolkit Functions

Applied Calculus

We want to know if k(¢) =1 is true when ¢ =-—1.

= 1 which was the desired result.

12

When solving an equation using formulas, you can check your answer by using your solution
in the original equation to see if your calculated answer is correct.

There are some basic functions that it is helpful to know the name and shape of. We call these
the basic "toolkit of functions." For these definitions we will use x as the input variable and f(x)

as the output variable.

Toolkit Functions
Linear
Constant:

Identity:
Absolute Value:

Power
Quaderatic:

Cubic:

Reciprocal:

Square root:

Cube root:

Reciprocal squared:

f(x)=c, where cis a constant (number)

fx)=x

f(x) =1
f)=x
f)=x
f)=
X

fx)=

) =3x=x
f(x)=%x

-
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Graphs of the Toolkit Functions

Constant Function: f(x)=2 Identity: f(x)=x Absolute Value: f(x) = x|
44 44 44
3 31 31
: 24 24
1 15 i
Y320 1234 4324715234 F32a ] 153 4
11 11 11
2 -2 1 2
3 -3 3
4 41 4
Quadratic: f(x)=x" Cubic: f(x)=x’ Square root: f(x)=/x

41 41 41
3 3 34

21 21 21

i i 1—/

1 2 3 4 4 -3 -2 -1 1 2 3 4
-1 -1
-2+ -2+
-3 -3
4] '
3 . 1 . 1
Cube root: f(x)=3/x Reciprocal: f(x)=— Reciprocal squared: f(x)=—
X X
41 41 1
31 3 -
24 5
I I
43 2 1 72 5 4 43.121112?4
-2+ -2+
3 -3
4] '

One of our main goals in mathematics is to model the real world with mathematical functions. In
doing so, it is important to keep in mind the limitations of those models we create.
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This table shows a relationship between circumference and height of a tree as it grows.

Circumference, ¢ | 1.7 2.5 5.5 8.2 13.7
Height, i 24.5 | 31 452 |54.6 |92.1

While there is a strong relationship between the two, it would certainly be ridiculous to talk
about a tree with a circumference of -3 feet, or a height of 3000 feet. When we identify

limitations on the inputs and outputs of a function, we are determining the domain and range of
the function.

Domain and Range
Domain: The set of possible input values to a function
Range: The set of possible output values of a function

Using the tree table above, determine a reasonable domain and range.

We could combine the data provided with our own experiences and reason to approximate the
domain and range of the function # = f(c). For the domain, possible values for the input
circumference c, it doesn’t make sense to have negative values, so ¢ > 0. We could make an
educated guess at a maximum reasonable value, or look up that the maximum circumference
measured is about 119 feet. With this information we would say a reasonable domain is
0<c<119feet.

Similarly for the range, it doesn’t make sense to have negative heights, and the maximum
height of a tree could be looked up to be 379 feet, so a reasonable range is 0 < /4 <379 feet.

A more compact alternative to inequality notation is interval notation, in which intervals of
values are referred to by the starting and ending values. Curved parentheses are used for “strictly
less than,” and square brackets are used for “less than or equal to.” Since infinity is not a
number, we can’t include it in the interval, so we always use curved parentheses with co and -oo.
The table below will help you see how inequalities correspond to interval notation:

Inequality Interval notation
5<h<10 (5, 10]

5<h<10 [5, 10)

5<h<10 (5, 10)

h<10 (—0,10)

h>10 [10,00)

all real numbers (—o0,00)
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Describe the intervals of values shown on the line graph below using set builder and interval
notations.

& . 4 ; . ; =
! 3 4 ] ] 7

To describe the values, x, that lie in the intervals shown above we would say, “x is a real
number greater than or equal to 1 and less than or equal to 3, or a real number greater than 5.”

As an inequality itis: 1<x<3orx>5
In interval notation: [1,3]W(5,0)

Find the domain of each function: a) f(x)=2vVx+4 b) g(x) = %
-3x

a) Since we cannot take the square root of a negative number, we need the inside of the square
root to be non-negative.

x+4>0 when x>—4.

The domain of f(x) is [-4,©) .

b) We cannot divide by zero, so we need the denominator to be non-zero.
6—3x =0 when x =2, so we must exclude 2 from the domain.
The domain of g(x) is (—0,2) U(2,0).

1. The amount of garbage, G, produced by a city with population p is given by G=f(p). G is

measured in tons per week, and p is measured in thousands of people.
a. The town of Tola has a population of 40,000 and produces 13 tons of garbage each
week. Express this information in terms of the function f.

b. Explain the meaning of the statement f (5)=2.

2. The number of cubic yards of dirt, D, needed to cover a garden with area a square feet is
given by D = g(a).
a. A garden with area 5000 ft* requires 50 cubic yards of dirt. Express this information
in terms of the function g.
b. Explain the meaning of the statement g(100)=1.
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3. Select all of the following graphs which represent y as a function of x.
54 54 54

4. Select all of the following graphs which represent y as a function of x.
54 54 54

% 543

14
2]
-3
4
54

f

5. Select all of the following tables which represent y as a function of x.
a. |x|5]10]|15 b. |[x|5]10]15 c. |[x|5]10]10
y|3|8 |14 y 3|8 |8 y| 3|8 |14

6. Select all of the following tables which represent y as a function of x.

a. |x|26 |13 b. |x|2]6 |6 c. |[x]2]|6 |13
y13]10] 10 y|3]10] 14 y|3]10] 14
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7. Given the function g(x) graphed here, 8. Given the function f(x) graphed here.
a. Evaluate g(2) a. Evaluate f(4)

b. Solve g(x)=2 b. Solve f(x)=4

T ri
i

54 520 |1 3 543 AR -}E 2343
a4 i

9. Based on the table below,
a. Evaluate f(3) b. Solve f(x)=1

x 0 |1 |23 |4 [5]6 7 |8 ]9
F(x) |74 281535633645 14|47

10. Based on the table below,
a. Evaluate f(8) b. Solve f(x)=7

x 0 |1]2]3 [4 |5 ]6 |7 |8 |9
f(x) | 628738867370 [39]75] 34

For each of the following functions, evaluate: f (—2), f(=D, £(0), f(1),and f(2)

1. f(x):4—2x 12. f(x):8—3x

13. f(x):8x2—7x+3 14. f(x):6x2—7x+4

15. f(x)=3+x+3 16. f(x)=4—-x-2
x=3 x=2

17. f(x)=x+l 18. f(x)=x+2

19. Let f(1)=3t+5
a. Evaluate f(0) b. Solve f(7)=0

20. Let g(p):6—2p

A
a. Evaluate g(0) b. Solve g(p)=0 L _f)
l‘__
i, /
21. Using the graph shown, g l/ .
a. Evaluate f(c) - | >’

b. Solve f(x)=p
c. What are the coordinates of points L and K? K p~+
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22. Match each graph with its equation.
1. 11. 1ii. v.
a y=x ‘ ‘ ‘ ‘
_ .3 | :
b. y=x 2 : 2 :
C. y — ‘%/; i 2 543 5442 —1_ 123473 54 d 2 —1_1 i 2 543 54 2 —1_1 123473
2 -2 -2
d y=1 ; ; ;
X -3
f— 2 . .o e
C.y=x V. Vi. vii. viii.
f. y . y
y=vx f f f
g. y el |x| U -1_ 12 549 BN R -1_1 12545 U 1 12 549 BN R -1_1 12545
-2 2 -2 -2
h = 1 3 : . ¥
. y - 2 5 5
Write the domain and range of each graph as an inequality.
z
101° 101"
81 O\' |
61 61
4T 4T
2T 2T
t n
23. 2 4 6 & 10 4. 2 4 6 § 10

Find the domain of each function

25. f(x)=3Jx-2

27. f(x)= x:
» 1093
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